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a b s t r a c t 

Several neurological disorders occur due to hypoxic condition in brain arising from impairment of cere- 

bral functionality, which can be controlled by neural stimulation driven vasoactive response mediated 

through biological response in astrocyte, a phenomenon known as neurovascular coupling. Brain can ad- 

just with the problem of hypoxic condition by causing vasodilation with the help of this mechanism. To 

deduce the mechanism behind vasodilation of blood vessel caused by neuronal stimulus, current study 

articulates a mathematical model involving neuronal system feedforward inhibition network model (FFI) 

with two other functional components of neurovascular coupling, i.e. astrocyte and smooth muscle cell 

lining blood vessel. This study includes the neural inhibition network system where glutamatergic pyra- 

midal neuron and GABAergic interneuron act antagonistically with each other. The proposed model suc- 

cessfully includes the implication of the inhibition system to design mathematical model for neurovas- 

cular coupling. Result of the proposed model shows that the increase in neuronal stimulus from 20 to 

60 μA/cm 

2 has the ability to increase the vasodilatory activity of blood tissue vasculature. Oxygenation 

level and hemodynamic response due to input synaptic stimulation has been calculated by regional cere- 

bral oxygenation level (rS0 2 ) and blood oxygen level dependent (BOLD) imaging signal which supports 

vasodilation of blood vessel with increase in synaptic input stimulus. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Hypoxic condition in brain results from different deformations

n neuronal signal leading to several neurological disorders by

rganization (2006) . Hypoxic condition in the brain arises due to

ow oxygenation level in brain due to poor cerebral blood flow

CBF) through blood vessel. So, the proper understanding on in-

ivo mechanism of regulating cerebral blood flow is essential to

iscover possible neurorehabilitation technique to cope up with

rain stroke. Brain has its own regulatory mechanisms to com-

at with hypoxic condition like- neurovascular coupling and cere-

ral autoregulation. In neurovascular coupling mechanism neu-

on collaborating with astrocyte function can regulate dilation of

lood vessel, which subsequently leads to increase CBF. Cerebral

utoregulation process is generally defined by controlling CBF by

p and down-regulation of cerebral perfusion pressure (CPP) by

aulson et al. (1990) . For greater understanding of mechanism of

eurovascular coupling, computational modelling of the biolog-
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cal mechanism of neurovascular coupling associated with neu-

onal signal and biomechanical response of blood tissue vascu-

ature has been in research domain since the past decade by

auli and Hamel (2010) , Patoary et al. (2019) . The relationship

etween neural activity driven vasoactive response has been re-

ently established through functional magnetic resonance imaging

fMRI) coupled with BOLD imaging signal by Goense et al. (2012) ,

ay et al. (2015) . In several previous studies, aiming to figure out

he mechanisms involving neurovascular coupling, mathematical

odelling has been designed to elucidate the functional relation-

hip between the components of neurovascular coupling viz. neu-

onal elements, glial cell astrocyte and smooth muscle lining the

lood vessel is commonly known as neurovascular unit (NVU) by

uneau et al. (2015) , Keller et al. (2017) . A descriptive literature re-

iew has been given below in Table 1 . to understand the previous

ork on computational modeling of neurovascular coupling. 

In this context of neurovascular coupling, neuronal network

nalysis is also important. There is an ongoing antagonistic rela-

ionship between inhibitory GABAergic neuron and excitatory glu-

amatergic neuron by Tremblay et al. (2016) . The outcome of this

onflict is implicated on the glial cell astrocyte for the biologi-

al response which affects the vasoactive function of blood ves-

el. Several experimental and theoretical studies have been done to

https://doi.org/10.1016/j.jtbi.2020.110297
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http://www.elsevier.com/locate/jtb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jtbi.2020.110297&domain=pdf
mailto:t18201@students.iitmandi.ac.in
mailto:g_sharma@students.iitmandi.ac.in
mailto:src@iitmandi.ac.in
https://doi.org/10.1016/j.jtbi.2020.110297
hotpaper.net


2 A. Bandyopadhyay, G. Sharma and S. Roy Chowdhury / Journal of Theoretical Biology 498 (2020) 110297 

Table 1 

Previous mathematical model for neurovascular coupling by Farr and David (2011) , Bennett et al. (2008) , De Pittà and Brunel (2016) , 

Dormanns et al. (2015) , Chander and Chakravarthy (2012) , Dormanns et al. (2016) , Garnier et al. (2016) , Tewari and Majumdar (2012) , Witthoft and 

Karniadakis (2012) . 

Previous study model Input Output Description 

Study1 ( Farr and David, 2011 ) K + and EET Blood vessel diameter Study is based on the glutamate and 

K + due to neural activation, which 

further affects astrocytic Ca 2+ and EET 

level leading to impact 

physio-mechanical events of smooth 

muscle cell. 

Study2 ( Bennett et al., 2008 ) Glutamate released from 

glutamatergic synapse 

Cerebral blood volume Study concentrates the theorem that 

glutamate impacts arteriolar smooth 

muscle cell diameter through EET 

level. 

Study3 ( De Pittà and 

Brunel, 2016 ) 

Synaptic activity and 

glutamatergic Glio- 

transmission 

Synaptic plasticity modulation This core of the study evolves around 

the idea about Ca 2+ dependent 

gliotransmitters released from 

astrocyte which affects pre-synaptic 

and post-synaptic plasticity. 

Study4 ( Dormanns et al., 

2015 ) 

Neural activity (K + and 

glutamate in synaptic cleft 

Time-dependent radius of 

blood vessel 

A total of 24 coupled ordinary 

differential equations (ODEs) are 

designed for neurovascular coupling 

and are solved using a backward Euler 

integration with Newton iteration. 

Study5 ( Chander and 

Chakravarthy, 2012 ) 

Synaptic current and ATP Radius of blood vessel The centre theme of the study is to 

neural-glial-vessel model based on 

metabolic and neuronal activity. 

Study6 ( Dormanns et al., 

2016 ) 

Nitric Oxide (NO), glutamate Radius of blood vessel Nitric oxide based on neurovascular 

coupling. 

Study7 ( Garnier et al., 2016 ) Glutamate and GABA 

neurotransmitter level 

Astrocyte activity on neuronal 

hyperexcitability 

Neuron-glia mass model was 

developed to figure out role of 

astrocyte in neuronal 

hyperexcitability. 

Study8 ( Tewari and 

Majumdar, 2012 ) 

Glutamate and Ca 2+ Astrocytic Ca 2+ concentration Tripartite system involving 

interneuron, pyramidal neuron and 

astrocyte. 

Study9 ( Witthoft and 

Karniadakis, 2012 ) 

Glutamate and K + Blood vessel radius Bidirectional model is developed for 

neurovascular coupling. 
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establish the mechanism involving feedforward- inhibition net-

work system (FFI) and the effect of it by Tremblay et al. (2016) . The

reason behind taking FFI network is that it is the most common

and acyclic type. Although none of the earlier studies include this

neural network system to study neurovascular coupling response.

Previous study model mainly focuses on glutamate released in the

synaptic cleft and external K 

+ concentration as input signal in the

astrocyte by Bennett et al. (2008) , Farr and David (2011) . Several

previous clinical and experimental studies have been done to prove

that glutamate/GABA ratio (E/I ratio) is essential to monitor va-

sodilation and vasoconstriction by Zhou and Yu (2018) , Yang and

Sun (2018) . To fill in the gap between neural network and astro-

cyte function proposed mathematical model has been developed. 

The primary objective of the study is to investigate how differ-

ent input stimulus impacts neural inhibition network model and

vasoactive response from blood vessel. This study also intends to

understand how different input stimulus alters cerebral oxygena-

tion level calculated in term of rSO 2 and change in BOLD signal.

Though three different pathways have been discovered by which

neuronal activation initiate vasodilatory activity, like -through NO

(Nitric oxide) mediated diffusion pathway, K 

+ channel activated

pathway and glutamate induced pathway, this study is focussed

on only glutamate activated pathway and how the information has

been relayed from a neuronal network to blood vessel through

a chain of biological reaction in astrocyte mediated by glutamate

neurotransmitters. This paper is organized into following sections-

Section 1 deals with introduction and literature review of the

topic, Section 2 describes the biological mechanism of neurovas-

cular coupling and how a neurovascular coupling mechanism is

impacted by a feedforward-inhibitory type of neuronal network
nd also deliberates about the mathematical model based on the

iscussed biological mechanism involving neural network model

nd Section 3 focuses on the result of the proposed computational

odel. Section 4 includes the discussion of the work, limitation of

he model and the comparative analysis between previous model

nd the new proposed model and Section 5 includes the conclud-

ng remark and future scope of the work. 

. Method and procedure 

Mathematical model corresponding to biological mechanism of

eurovascular coupling has been discussed in this section. Ongoing

iological mechanism in three major components of neurovascular

oupling unit viz. neurons, astrocytes and smooth muscle cell lin-

ng blood vessel has been deliberated with schematic diagram as

hown in Fig. 1 . 

.1. Biological mechanism of neurovascular coupling 

The mechanism of neurovascular coupling is believed to act

hrough a functional unit called neurovascular unit (NVU)- neu-

onal network, astrocyte and smooth muscle cell lining blood ves-

el as shown in Fig. 1 . 

.1.1. Feed-forward inhibitory network 

Several different neuroinhibitory network has been theoret-

cally and experimentally proven to be present. Among them

hree are most popularly delineated in earlier literatures by

remblay et al. (2016) , Bacci et al. (2003) , Mallet et al. (2005) . They

hotpaper.net
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Fig. 1. Biological mechanism of neurovascular coupling with feedforward inhibitory neural network. The biological mechanism of three neuron system has been depicted in 

the dash-marked in the figure. Glutamate released from the glutamatergic pyramidal neuron after being affcted by the inhibitory GABAergic activity enters into the astrocyte 

through a G-protein coupled receptor. Activation of the receptor further induces Ca 2+ production which activates the vascular smooth muscle cell (VSMC) relaxation pathway 

through a series of biological mechanism. 
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re- feed-forward inhibitory network (FFI), feedback inhibitory net-

ork (FBI) and lateral inhibitory network (LI). These types of net-

ork mainly consist of two prominent types of neurons present

n the cerebral cortex, excitatory glutamatergic pyramidal neuron

nd inhibitory GABAergic interneuron. In case of FBI, input synaptic

timulus first excites glutamatergic pyramidal neuron which fur-

her excites interneuron. But inhibitory activity of interneuron in-

ibits pyramidal neuronal activity. Another type of inhibition is

alled LI, where inhibitory mechanism of interneuron is distinct on

he population of pyramidal neuron without being excited by them
 Olsen and Wilson, 2008 ). This paper focuses on the FFI network.

ynaptic input stimulus excites excitatory neuron at first which

urther stimulates inhibitory interneuron and excitatory pyramidal

euron simultaneously by releasing glutamate. Being excited by ex-

itatory neuron, GABA released from interneuron inhibits pyrami-

al neuron. As shown in Fig. 1 , excitatory stimulation through ex-

itatory neuron and inhibitory effect of interneuron both are im-

licated on pyramidal neuron. Glutamate is converted to GABA

y glutamate decarboxylase (GAD 67) in interneuron and incom-

ng glutamate in interneuron leads interneuron to produce NO

hotpaper.net
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(Nitric oxide) by neuronal nitric oxide synthase (nNOS) as depicted

in Fig. 1 by Hampe et al. (2017) , Tricoire and Tania (2012) . 

2.1.2. Biological response in astrocyte 

Astrocyte is a type of neuroglial cell which supports neu-

ronal function and maintain blood-brain barrier. Glutamate re-

leased from glutamatergic pyramidal neuron is taken into astrocyte

through metabotropic glutamate receptor (mGluR) by Filosa and

Blanco (2007) , Bennett et al. (2005) . Ligand (glutamate) binds

to glutamate receptor resulting activation of G-protein coupled

with the receptor. According to the previous studies, IP 3 (inositol

1,4,5-trisphosphate) along with diacylglycerol (DAG) is being pro-

duced by activity of PLC- β (Phospholipase-C- β) on PIP 2 (Phos-

phatidylinositol 4,5-bisphosphate) as shown in Fig. 1 by De Pittà

et al. (2009) . The activity of enzyme is strictly dependent on the

surface receptor like- mGluR. The activity of the receptor is depen-

dent on glutamate released from pyramidal neuron and the activ-

ity of neuron is strictly dependent on the synaptic stimulus. So,

the degradation of IP 3 is regulated by external synaptic stimulus.

IP 3 surge causes opening of IP 3 receptor channel IP 3 R which con-

sist of one site for IP 3 and other two cites for Ca 2+ activation and

inactivation site. Autocatalytic activity driven by initial Ca 2+ con-

centration is prevalent which is driven by initial Ca 2+ concentra-

tion which helps to enhance opening probability of IP 3 R which in-

creases intracellular Ca 2+ concentration. There is a feedback mech-

anism by which Ca 2+ influx is possible by Sarco/Endoplasmic

Reticulum Ca 2+ ATPase (SERCA) pump. Thus, there is a Ca 2+ dy-

namics influenced by IP 3 R is prevalent in astrocyte which influence

in Epoxyeicosatrienoic acid (EET) production as depicted in Fig. 1 . 

2.1.3. Hemodynamic response of neurovascular coupling 

With many others, EET is an endothelium derived hyperpolariz-

ing factor (EDHF) which causes relaxation of vascular smooth mus-

cle cell by opening Ca 2+ activated K 

+ channel which causes ef-

flux of K 

+ from vascular smooth muscle cell as shown in Fig. 1 by

Michaelis and Fleming (2006) . Hyperpolarization results relaxation

of muscle cell by increasing blood vessel radius and cerebral blood

volume. Increase in vasodilation results change in haemodynamic

parameters, like- oxy-haemoglobin, deoxy-haemoglobin concentra-

tion. Change in vasoactive response initiated by increase of radius

of blood vessel causes change in arterial volume and arterial oxy-

gen saturation level associated with it. This change in haemody-

namic response can be measured by near infra-red spectroscopy

(NIRS). BOLD signal calculates haemoglobin and oxyhaemoglobin

level by magnetic relationship of deoxy-haemoglobin which is

paramagnetic and oxy-haemoglobin which is di-magnetic. Change

in haemodynamic parameters are used to calculate the instanta-

neous amplitude of BOLD signal. Neuronal activity can also be es-

timated through BOLD-fMRI signal as more neural activity leads

to more vasodilatory activity. With increase of vasodilatory activ-

ity haemodynamic response increases. 

2.2. Mathematical modelling of neurovascular coupling 

A proposed computational and mathematical model for corre-

lating FFI network with astrocyte and smooth muscle cell lining

blood vessel has been developed in current study. It is better to

understand the functionality of an individual neurovascular cou-

pling unit rather than hundreds of neurons and astrocytes to un-

derstand the mechanism of neurovascular coupling. This FFI net-

work system included in this study is composed of three neuronal

system, i.e. excitatory neuron, glutamatergic pyramidal neuron and

GABAergic interneuron. Output potential of each neuron has been

calculated using Hodgkin-Huxley model (HHM) by Hodgkin and

Huxley (1952) . Neuronal firing from one to another is the input

synaptic current. Range of input synaptic current has been taken
etween 20–60 μA/cm 

2 so that the output membrane potential of

ach neuron lies between experimentally obtained membrane po-

ential range. This current component is multiplication between

utput potential of previous neuron and conductivity of the next

euron i.e. (I = EXG). Input stimulus on the pyramidal neuron is

he cumulative effect of inhibitory GABAergic interneuron and ex-

itatory neuron. The interlinking parameter between the output of

he three neuron-network-system and biological response in astro-

yte is activity of metabotropic glutamate receptor ρ(t). Response

f biological components in astrocyte has impacted the membrane

otential of vascular smooth muscle cell by EET, a vasodilatory

olecule. Outcome of neurovascular coupling has been estimated

n term of BOLD signal and NIRS signal which indicates oxygena-

ion level. Schematic diagram of mathematical model has been

rovided in Fig. 2 to elucidate the mathematical model used for

rticulating computational model for neurovascular coupling with

FI neural network. 

.3. Mathematical model for feedforward inhibitory network system 

Input synaptic stimulus with current density ranging between

0 to 60 μA/cm 

2 excites excitatory neuron and the output potential

ollows Hodgkin-Huxley model. I Na , I K and I L indicates Na + channel

urrent, k + channel current and leakage current. 

 m 

dV 0 

dt 
= I Stimulus − I Na − I K − I L (1)

nput stimulus of interneuron ( I 1 ) is due to the effect of output

otential of excitatory neuron and conductivity (G) of interneuron

s shown in Eq. (2) . Conductivity of interneuron is the summation

f conductivity of sodium channel, potassium channel and leakage

urrent. Output potential of interneuron is simulated by Hodgkin-

uxley model. Parameters used for simulation of Hodgkin-Huxley

odel has been given in Table 2 below. 

 1 = V 0 × G, (2)

 = g Na × m 

3 × h + g K × n 

4 + g L (3)

 m 

dV 1 

dt 
= I 1 − I Na − I K − I L (4)

s discussed earlier, input stimulus current on pyramidal neuron

s the outcome of stimulus current coming from excitatory neuron

 I 1 ) and interneuron ( I 2 ). Effect of both stimuluses produce mem-

rane potential ( V 2 ) following Hodgkin-Huxley model. 

 2 = V 1 × G, (5)

 m 

dV 2 

dt 
= (I 1 − I 2 ) − I Na − I K − I L (6)

mount of glutamate released from pyramidal neuron can be cal-

ulated using model given in previous studies by Ermentrout and

erman (2010) . Parameter value for Eq. (7) is same as taken in

he previous study. [ T Glutamate ] indicates glutamate concentration

eleased from pyramidal neuron depending on membrane poten-

ial of it. 

 T Glutamate ] × V 2 = 

T max 

1 + e 
−
(

V 2 −v T 
K p 

) (7)

.4. Mathematical model for biological response in astrocyte 

As discussed, earlier glutamate is taken into astrocyte by

etabotropic glutamate receptor which is a G-coupled receptor. ρ

hotpaper.net
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Fig. 2. A schematic digram depicting the mathematical model which is consisted of three major parts segregated by dash-mark. Fig. 2 (a) represents three-neuron system 

feedforward network where output potential due to input stimulus excites interneuron and pyramidal neuron. Inhibitory action of GABAergic interneuron is also taken into 

account. Fig. 2 (b) represents biological function of astrocyte. Fig. 2 (c) Outcome of neurovascular coupling which has been calculated in terms of BOLD signal and NIRS 

signal. ρ(t) is the correlating factor between biological event in neural network and astrocyte. EET (t) is the correlating factor between biological event in biological event in 

astrocyte and vascular smooth muscle cell. 

Table 2 

Parameter value for the mathematical model by Hodgkin and Huxley (1952) , Bennett et al. (2008) , Farr and David (2011) , 

Chander and Chakravarthy (2012) , Banaji et al. (2008) , Mathias et al. (2018) . 

Parameters Description Value 

V 0 Output potential of excitatory neuron in feedforward inhibition Variable parameter 

V 1 Output potential of glutamatergic neuron in feedforward inhibition Variable parameter 

V 2 Output potential of GABAergic neuron in feedforward inhibition Variable parameter 

m Activation of sodium channels Variable parameter 

h Inactivation of sodium channels Variable parameter 

n Activation of potassium channels Variable parameter 

C m Equivalence membrane capacitance 1 μF/cm 

2 

g Na Sodium channels conductance 120.0 mS/cm 

2 

g K Potassium channels conductance 36.0 mS/cm 

2 

g L Leak channels conductance 0.3 mS/cm 

2 

E Na Nernst potentials of sodium ions 115 mV 

E K Nernst potentials of potassium ions −12 mV 

E L Nernst potentials of Leakage ion 10.6 mV 

αm , βm Transition rates between open and closed states of the activation of sodium channels Variable parameter 

αh , βh Transition rates between open and closed states of the inactivation of sodium channels Variable parameter 

αn , βn Transition rates between open and closed states of the potassium channels Variable parameter 

I Na Current due to Sodium channel Variable parameter 

I K Current due to potassium channel Variable parameter 

I L Current due to leakage current Variable parameter 

T Concentration of neuro transmitter released from neuron Variable parameter 

T max Maximum concentration of neurotransmitter 1 mM 

K deg IP 3 degradation rate 1.25 s −1 

K G G protein dissociation constant 8.82 

r h 
∗ Rate of IP 3 production 4.8 μM 

J max Maximum channel current 2880 μMs −1 

k 1 IP 3 channel kinetic parameter 0.03 μM 

k act IP 3 channel kinetic parameter 0.17 μM 

k on IP 3 channel kinetic parameter 0.03 μMs −1 

k inh IP 3 channel kinetic parameter 0.01 μM 

[ Ca 2+ ] ER Ca 2+ concentration in ER 400 μM 

V max Maximum pumping rate into ER 20 μMs −1 

K p Dissociation constant of the pump 0.24 uμm 

βcyt Buffer parameter 0.0244 

V EET Rate constant of EET production 72 μM 

K EET Degradation of EET 7.2 μM 

γ EET EET conversion factor 0.004 μMs −1 

r max Maximum radius of the blood vessel at relaxed state 30 μm 

r min Minimum radius of the blood vessel at constricted state 8 μm 

V max Maximum voltage of endothelial muscle cell −30 mV 

V min Minimum voltage of endothelial muscle cell −75 mV 

SvO 2 Oxygen saturation of venous blood 0.62 

SaO 2 Oxygen saturation of arterial blood 0.96 

Hbtot Total haemoglobin concentration of arteries and vein 9.1 μM 

Vol n Normal blood volume as a fraction of brain volume 0.04 

τ TMT Mean transit time 3 s 

τ Parameter corelating CBF and CBV 20 s 

d Empirical relationship between CBF and CBV 0.4 

hotpaper.nethotpaper.net
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represents amount of bound glutamate in metabotropic glutamate

receptor (mGluR). G protein activation and deactivation parameter

( G 

∗) can be calculated by assuming first order kinetics. Previously

described model has been followed here to evaluate this parame-

ters by Bennett et al. (2008) . 

ρ = 

T glutamate 

K glu + T glutamate 

(8)

G protein activation and deactivation rate can be determined from

following equation. 

G 

∗ = 

ρ + δ

K G + ρ + δ
; whereas, K G = 

K d 

K a 
(9)

IP 3 concentration in astrocyte can be estimated from production

and degradation rate of IP 3 from following equation by Farr and

David (2011) . 

δ[ IP 3 ] 

δt 
= r h × G 

∗ − K deg [ IP 3] (10)

Ca 2+ dynamics in astrocyte is dependent on different factors like

cytosolic Ca 2+ concentration change due to functioning of IP3R

channel in Endoplasmic reticulum and release of Ca 2+ on endo-

plasmic reticulum. J [ IP 3] represents Ca 2+ flux from endoplasmic

reticulum (ER) to cytosol where J pump represents ATP-dependent

flux from cytosol to ER and J leak represents flux from ER to cytosol.

βcyt denotes Ca 2+ buffering in cytosol. 

δ[ Ca 2+ ] 
δt 

= βcyt (J [ IP 3 ] − J pump + J leak ) (11)

J [ IP 3 ] = J max 

[(
[ IP 3 ] 

[ IP 3 ] + K 1 

)(
Ca 2+ 

Ca 2+ + K act 

)
h 

]3 

×
[

1 − Ca 2+ 

[ Ca 2+ ] ER 

]
(12)

J max is the maximum rate of Ca 2+ flux toward cytosol. K 1 and K act 

is the dissociation constant for IP 3 and Ca 2+ binding to IP 3 R , h is

dynamic variable parameter which denotes the property of IP 3 R

which is not inactivated by Ca 2+ . K on and K inh are respectively as-

sociation and dissociation constant of Ca 2+ with IP 3 R . 

dh 

dt 
= K on [ K inh − (Ca 2+ − k inh ) h ] (13)

J pump = V max × [ Ca 2+ ] 
[ Ca 2+ ] + [ K p ] 2 

(14)

J leak = P L 

(
1 − [ Ca 2+ ] 

[ Ca 2+ ] ER 

)
(15)

βcyt = 

[
(1 + [ B end ]) 

K end 

]−1 

(16)

Calcium inducing EET production can be governed by following

equation which was also taken in previous study by Farr and

David (2011) . 

d[ E E T ] 

dt 
= V E E T ([ Ca 2+ ] − [ Ca 2+ ] min ) − K E E T × [ E E T ] (17)

2.5. Estimation of vasoactive response of smooth muscle cell lining 

blood vessel 

Hyperpolarization of smooth muscle cell lining blood ves-

sel can be derived from following governing equation by

Bennett et al. (2008) . 

dV m = −γE E T × [ E E T ] (18)

dt 
 linear correlation has been taken into account between radius of

mooth blood vessel and membrane voltage of it by Chander and

hakravarthy (2012) . 

 = r min + (r max − r min ) 
[ 

V max − V m 

V max − V min 

] 
(19)

utcome of the neurovascular coupling can be measured by evalu-

ting hemodynamic parameters, like oxy-haemoglobin (HbO 2 ), de-

xy haemoglobin (Hb) and total haemoglobin (Hbt) concentration.

verage of the radius of maximum contracted blood vessel and

inimum contracted blood vessel has been taken as the base-

ine radius. Equation governing different haemodynamic parame-

ers has been shown below by Banaji et al. (2008) . 

 bt = 

10 0 0 

4 

(
V ol art,n ( 

r 

r 0 
) 2 + V ol v en 

)
× H btot × V ol n (20)

bO 2 = 

10 0 0 

4 

(
V ol art,n ( 

r 

r 0 
) 2 SaO 2 + V ol v en Sv O 2 

)
×Hbtot × V ol n (21)

 bt = H b + H bO 2 (22)

epending on different haemodynamic parameters rSO 2 has been

alculated which is recorded through NIRS. rSO 2 can be calculated

rom hemodynamic parameters like HbO 2 and Hbt. 

SO 2 = 

HbO 2 

Hbt 
(23)

nother important parameter which is used to monitor oxygena-

ion level in human brain is BOLD signal. BOLD signal can be

valuated from earlier normalized values of deoxy-haemoglobin

nd cerebral blood flow using simple mass conservation equation.

ompartmental Balloon model has been taken into account for

valuating cerebral blood volume (CBV) by Mathias et al. (2018) ,

uxton et al. (2004) . Equation governing CBV has been given be-

ow. 

dCBV 

dt 
= 

1 

τT MT 

(
CBF 

CBF 0 
− f out 

)
(24)

here, CBF 
CBF 0 

= ( r 
r 0 

) 4 and f out = CBV 
1 
d + τ ( dCBV 

dt 
) 

Laminar flow has been taken into account for finding rela-

ionship between CBF and radius of blood vessel. According to

oiseuille’s law, laminar flow in a vessel is proportional to fourth

ower of the vessel radius. According to the previous study model,

hange in BOLD signal can be measured from as following. 

�S 

S 
≈ V 0 [ a 1 (1 − q ) − a 2 (1 − v ) ] 

here V 0 is the resting venous blood volume fraction (0.03) and

 1 and a 2 are dimensionless physiological parameters (a 1 = 3.4,

 2 = 1.00) Mathias et al. (2018) . q and V represents normalization

alues for de-oxyhemoglobin and cerebral blood volume. 

. Results 

.1. Neurovascular coupling with feedforward network 

Input synaptic stimulus, the driving force of neurovascular cou-

ling, has been provided with current density ranging between 20–

0 μA/cm 

2 in Hodgkin-Huxley based feedforward inhibition net-

orks. Simulated outcome of the Hodgkin-Huxley based method-

logy has been depicted in Fig. 3 . The membrane potential of ex-

itatory neuron depending on the input stimulus ranging from 20

o 60 μA/cm 

2 has been shown in Fig. 3 (a). Membrane potential of
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Fig. 3. Result of Feedforward Inhibition Network for 20, 40 and 60 μA/cm 

2 . Output potential of excitatory neuron, GABAergic interneuron and pyramidal neuron has been 

shown in Fig. 3 (a), (b) and (c) respectively. Fig. 3 (d) is the simulated outcome of glutamate released from pyramidal neuron and Fig. 3 (e) represents the activity of glutamate 

receptor denoted by ρ(t) parameter. Difference in the outcome of those parameters due to different input synaptic stimulus has been marked differently according to the 

colour-code given in the top right hand corner of each subfigure. 
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Fig. 4. Response of biological signal from astrocyte. Fig. 3 (a), (b), (c) depicts the 

biological events in the astrocyte due to different input stimulus ranging from 

20 μA/cm 

2 to 40 μA/cm 

2 . Alteration of the output i.e. concentration of IP 3 , Ca 2+ , EET 

due to different input synaptic stimulus has been indicated with different marking 

code as given in the top most corner of each subfigure. 
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interneuron arises due to impact of output potential of the exci-

tatory neuron which has been shown in Fig. 3 (b). Output poten-

tial of interneuron is different from output potential of the excita-

tory neuron because variable current is input for interneuron. Out-

put potential of pyramidal neuron is the cumulative effect of ex-

citatory signal coming from excitatory neuron and inhibitory sig-

nal coming from pyramidal neuron. Every peak gets distorted as

shown in Fig. 3 (c). because of the inhibitory effect of interneuron.

Voltage dependent neurotransmitter released from pyramidal neu-

ron is calculated based on previously described model as given in

equation no (7). Alteration of the glutamate concentration signal

is based on the change in input synaptic stimulation as shown

in Fig. 3 (d). Another important aspect of this network model is

that with the increase of input stimulus, like from 20 μA/cm 

2 to

60 μA/cm 

2 number of peaks will be increased. Important obser-

vation from Fig. 3 (a), (b) and (c) reveals that there is a slight de-

crease in the amplitude of peaks but number of peaks is increas-

ing with increase of input stimulation because of increase in neu-

ronal activity. ρ parameter represents the binding affinity of the

metabotropic glutamate receptor with glutamate neurotransmitter.

In earlier studies theoretical value has been taken for this parame-

ter. But in this paper, it has been found that ρ (t) is not a discrete

parameter but a continuous function dependent on input stimulus.

According to the model described above, ρ(t) has been taken as in-

put signal of astrocyte as shown in Fig. 3 (e). As there is more input

stimulation, neuronal firing will be increased causing more peak in

glutamate concentration which results alteration in ρ(t) parameter.

3.2. Response of biological signal from astrocyte 

ρ(t) input signal is used to figure out different biological com-

ponent concentration i.e. IP 3 , Ca 2+ , EET as discussed in earlier sec-

tion. Mathematical equations involved in governing IP 3 , Ca 2+ and

EET production is given in the section II. The biological signal of

these biochemical components producing in astrocyte has been de-

scribed in the Fig. 4 . 

Fig. 4 depicts the concentration of biochemical components

with respect to feedforward inhibition network. As discussed ear-

lier in biological mechanism, IP 3 production is related to the re-

lease of glutamate from pyramidal neuron. IP 3 triggers to pull Ca 2+ 

concentration from endoplasmic reticulum of astrocyte which in-

duces Ca 2+ concentration in the cytosol based on IP 3 concentra-

tion in cytosol. Ca 2+ dynamics in astrocyte plays a major role in

vascular activity by initiating the biological mechanism of vasodi-

lation through EET. This model is also able to define alteration in

biological signal due to increase of input stimulus. Though there

is no significant alteration in peak-amplitude, number of peaks are

increased in IP 3 , Ca 2+ and EET concentration as depicted in Fig. 4 .

From this it is evident that more number of time IP 3 , Ca 2+ and

EET achieves maximum concentration and It can be inferred that it

is related to increased neuronal firing due to increase of synaptic

stimulus from 20 μA/cm 

2 to 40 μA/cm 

2 . Increase in input stimulus

causes alteration in ρ(t) signal suggests increase in binding affin-

ity with glutamate receptor. The effect of it is reflected in term of

increased number of peaks in biological signal in astrocyte. 

3.3. Haemodynamic response of neurovascular coupling 

Vasodilatory capacity distinguished in EET enables to hyperpo-

larize vascular smooth muscle cell resulting in increase in diame-

ter of blood vessel. Haemodynamic parameters (HbO 2 , Hb, Hbt) has

been calculated in this study taking the average radius as the base-

line mentioned above. Vasodilatory action of neurovascular cou-

pling can be estimated through two measuring instruments- NIRS

and fMRI. Oxygenation level in brain has been calculated by two

parameters rS O and BOLD signal. Vasodilatory activity of blood
2 
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Fig. 5. Haemodynamic response of neurovascular coupling. Alteration in vascular activity due to different input stimulations have been shown in above figure. Fig. 5 (a) gives 

the idea about frequency of the blood vessel whether Fig. 5 (b), (c) and (d) represents the effect in haemodynamic response due to increase in vascular activity. Theoretical 

estimation of rSo2 and BOLD signal in resoponse to vascular activity has been depicted in Fig. 5 (c) and (d). 
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essel can be measured by estimating the radius of smooth blood

essel. As shown in Fig. 5 (a) shows response of smooth muscle

ell lining blood vessel with respect to different input stimulus.

ncrease of input stimulus from 20 μA/cm 

2 to 40 μA/cm 

2 renders

ncrease in number of peaks in signal of radius; four peaks are dis-

inct in case of input current density of 20 μA/cm 

2 whether input

urrent density of 40 μA/cm 

2 and 60 μA/cm 

2 generates five and

ix peaks respectively. Fig. 5 (a) also shows increase in amplitude of

eaks in case of 40 μA/cm 

2 rather than 20 μA/cm 

2 which signifies

ore vasodilatory capacity with increased input stimulus. With in-

reased current densities of 20, 40 and 60 μA/cm 

2 radius of blood

essel increases respectively 6.7, 7.5 and 8.4 μm from its baseline

hich suggests that increased input stimulus can increase lumen

f blood vessel and elevate vasodilatory capacity of smooth muscle
ell lining blood vessel. As discussed earlier, oscillation of radius of

lood vessel should be between 8 μm to 30 μm (most constriction

nd most dilation position), though oscillation of lumen of blood

essel is mostly between 21 μm to 30 μm as depicted in Fig. 5 (a).

here is a significant left shift of the signal of radius of vascular

mooth muscle cell which represents more frequent vasoactive re-

ponse with increase of input stimulus. Peak-analysis of Fig. 5 (a)

eveals increase in time cycle with decrease in stimulation. i.e. for

0, 40 and 60 uA/cm 

2 . it is respectively 11.14, 8.93 and 8.13 s. 

Impact of the vascular activity is measured in terms of re-

ponse of hemodynamic parameters, i.e. Oxy-haemoglobin and

eoxy-haemoglobin which has been calculated for different in-

ut current points as shown in Fig. 5 (b). Normalized value of

xy-haemoglobin and deoxy-haemoglobin have been shown at
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different current points, i.e. 20–60 uA/cm 

2 . Calculated regional

rSO 2 has been depicted in Fig. 5 (c). Saturation level has been found

in between 65–75% depending on the HbO 2 and Hb, whether in

normal rSO 2 level in human ranges from 60 to 80%. In depth anal-

ysis suggests that rSO 2 mostly oscillates between 73–77% which

falls in a normal range. With increase of input stimulus, changes

in number of peaks have been observed and simultaneously there

is increase in peak-amplitude value. As depicted in Fig. 5 (c) am-

plitude of rSO 2 signal has been increased with increase of vasoac-

tive response. Increase in rSO 2 corresponds to the increase of ra-

dius of lumen of blood vessel. Another important parameter for

evaluating hemodynamic response corresponding to neurovascular

coupling is measuring BOLD signal. BOLD signal estimates the oxy-

genation level in tissue vasculature. Cerebral blood volume as well

as de-oxyhaemoglobin, is used to calculated to define BOLD signal.

BOLD signal for different input current stimulus has been shown in

Fig. 5 (d). Normalization value of BOLD signal has been evaluated.

There is significant increase in amplitude of BOLD signal as input

stimulus increased from 20 μA/cm 

2 to 60 μA/cm 

2 . 

4. Discussion 

Brain is one of the most active regions which being 2% of to-

tal body weight intakes total 20% of cardiac output. Several types

of neurons are present in human brain for performing designated

function. Two main types of neurons are prevalent in brain- in-

terneuron and pyramidal neuron. Interneuron can be of two types,

slow and fast. Pyramidal neuron is also of two types, slow and

fast. Interneuron releases GABA which has inhibitory function and

glutamate released from pyramidal neuron which is excitatory

type. Metabotropic glutamate receptor gets activated by incom-

ing glutamate as well as input stimulation by Keller et al. (2017) .

Several clinical experimental studies have proved that glutamate

and GABA concentration is a regulating factor for the neuronal

activity driven neurovascular activity by Lauritzen et al. (2012) ,

Zhou and Yu (2018) . This is commonly described by E/I ratio

or excitation/inhibition ratio where glutamate is the excitatory

type of neurotransmitter and GABA is of inhibitory type. E/I ra-

tio or glutamate/GABA concentration is regulated by neuronal in-

hibition network system where GABAergic interneuron and glu-

tamatergic pyramidal neuron function antagonistically with each

other. This study intends to find out the cumulative effect of an-

tagonistic behaviour on neurovascular coupling mechanism and

the impact of increased synaptic stimulus on vasodilatory capac-

ity of smooth muscle cell lining blood vessel. Hodgkin-Huxley

model (HHM) has been previously used to study the effect of in-

put synaptic stimulation on trigeminal neuralgia network which

have also shown increase of peaks with increase in input synap-

tic stimulation by Khodashenas et al. (2019) . Several theoreti-

cal and clinical study has been done to elucidate the underly-

ing mechanism of neurovascular mechanism by Schwartz (2007) .

fMRI-coupled BOLD signal has been extensively used to study neu-

rovascular coupling. Several neuronal disorders cause malfunction

in neurovascular coupling mechanism which can be identified by

BOLD signal by estimating the haemodynamic response param-

eters. Previous studies correlate haemodynamic parameters with

oxygenation level defined by BOLD signal to theoretically estimate

BOLD signal by Schwartz (2007) , Geranmayeh et al. (2015) . NIRS

is another instrumental technique which is used for estimating

oxygenation level by calculating rSO 2 . Previous study describes a

model based on mathematical study to understand the effect of

metabolic and vascular activity in determining cerebral O 2 satura-

tion by Banaji et al. (2008) . rSO 2 calculated from the mathematical

model described in current study falls in the same range as satu-

ration level from NIRS signal has been obtained from experimen-

tally and mathematically designed model given in earlier study by
anaji et al. (2008) . This study not only includes inhibition network

o study underlying mechanism of neurovascular coupling but also

stimates approximate O 2 saturation by calculating NIRS signal and

xygenation level from BOLD signal. 

Result of the proposed model shows increase in number of

eaks in vasoactive response from smooth muscle cell lining blood

essel with increase in input current density. The reason behind it

ies in increase of neuronal activity of feedforward inhibitory neu-

al network system as well as increase in activity of biological re-

ponse in astrocyte due to increase in input synaptic stimulus. The

levated vasodilatory activity due to increased number of peaks

n radius signal results improvement in cerebral blood flow. So, if

here is any need for glucose and O 2 in brain tissue, brain with

ts self-regulatory mechanism will improve vasodilatory activity of

ascular tissue through increasing input synaptic stimulus which

as been represented as input current density in current study. 

Frequency of vascular activity simulated in the present study

s depicted in Fig. 5 (d) is congruous with the experimental

tudy done on rat subjects through optical imaging technique by

ayhew et al. (1996) . Analysis of this clinical study reveals that

he frequency of the vascular activity is around 10 s, which is

n the range obtained from the simulation as described earlier

8–11 s). Hemodynamic response function has been later estab-

ished by accepting this as frequency of vascular activity or ‘va-

omotion’ by Behzadi and Liu (2005) . The rSO2 evaluated in the

urrent theoretical study is between 65–75%, which matches with

he previously reported clinical studies by Samra et al. (20 0 0) ,

retzakis et al. (2014) , Tosh and Patteril (2016) . BOLD signal ob-

ained from the theoratical study is also comparable with the pre-

ious model study by Mathias et al. (2018) . However, no exper-

mental study has been done yet to show the hemodynamic re-

ponse due to different synaptic stimulus i.e. from 20 μA/cm 

2 

o 60 μA/cm 

2 ; a theoretical study has been done earlier to un-

erstand the tripartite system with taking different input stim-

lus Tang et al. (2013) . Although several experimental studies

ere performed earlier which established the correlation be-

ween neural stimulus and cerebral blood flow, BOLD signal by

iller et al. (2001) , Frostig et al. (1990) . The idea that an in-

rease in input synaptic stimulus can alter the vasodilatory activ-

ty of smooth muscle cell lining the blood vessel can be further

upported by recent non-invasive brain stimulation based clinical

tudies by Jindal et al. (2015) , Sharma et al. (2019, 2020) . 

Proposed model depicted in current study is compared against

reviously explained model which has been shown in below

able 3 . The previously described model 1 has taken glutamate

eleased from presynaptic neuron with a theoretical parameter

f 2 s glutamate signal by Bennett et al. (2008) . In model 1, ρ
s taken as different discrete value. Maximum peak value of bi-

logical signal obtained from this model is dependent on dif-

erent ρ value. In model 2 provided by Farr and David (2011) ,

athias et al. (2018) has taken glutamate and K 

+ as input of neu-

ovascular coupling and output of the model gives out vasoactive

esponse, BOLD signal. Oscillation of radius signal remains between

6.5 to 19.5 μm in this computational model. ATP and glutamate

s input of neurovascular coupling model has been taken in previ-

usly repoted model 3 by Chander and Chakravarthy (2012) where

utput is vasoactive response and metabolic activity of neurovas-

ular coupling. Oscillation of radius in this model is between 10 to

0 μm which is comparable with the radius signal obtained from

he current study. Mathematical model articulated in this study

ncludes neuronal inhibition network and able to depict the in-

rease of vasodilatory activity of smooth muscular cell lining blood

essel with increase in input synaptic stimulus. The current study

eveals that increase of input synaptic stimulus has the capabil-

ty of alteration of radius of blood vessel. Ischemic cerebral stroke

s caused by poor cerebral blood flow. This study supports the
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Table 3 

Comparative analysis of the different mathematical model of neurovascular coupling by Bennett et al. (2008) , Farr and David (2011) , Chander and 

Chakravarthy (2012) , Mathias et al. (2018) . 

Models Neural network Input parameter Biological response Vasodilatory activity 

network in astrocyte and hemodynamic response 

Current density ATP Glutamate IP 3 Ca 2+ EET Radius NIRS signal Bold signal 

Model 1 × × × � � � � � × ×
Model 2 × × × � � � � � × � 

Model 3 × × � � � � � � × ×
Proposed model � � × � � � � � � � 
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heory of neuronal stimulus driven vasodilatory mechanism

f neurovascular coupling and it is useful for understand-

ng underlaying mechanism behind cerebral ischemic stroke by

utta et al. (2015) , Sharma et al. (2019, 2020) . 

. Conclusion 

Neuronal activity as response of Hodgkin-Huxley based feed-

orward inhibition network increases with the increase of in-

ut synaptic stimulus which also elevates vasodilatory response

hrough a series of biological activities in astrocytes. It can be con-

luded from the current study that amplified vasodilatory activity

n blood vessel with increased input stimulus is due to the im-

roved neuronal activity. Not only that there is significant increase

n frequency of vasodilation with increase of input stimulus. Va-

odilatory activity and the haemodynamic response because of it

an be estimated through fMRI-coupled BOLD signal and NIRS sig-

al. Increase in amplitude of rSO 2 peak and BOLD signal peak also

upports the vasodilatory capacity of neuronal stimulus. The ulti-

ate aim of this study is to find out the vasodilatory mechanism

ue to neurorehabilitation technique which is due to neurovascu-

ar coupling. Such a vasodilatory control mechanism strives to pro-

ide an alternative neurorehabilitation therapeutic procedure for

schemic stroke patients. 
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