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a b s t r a c t 

We consider a model network of diffusively coupled Hindmarsh-Rose neurons to study 

both analytically and numerically, long-range memory effects on the modulational instabil- 

ity phenomenon, chaotic, synchronous and chimera states within the network. The multi- 

ple scale method is used to reduce the generic model into a discrete nonlinear Schrödinger 

equation. The latter is explored in the linear stability analysis and the instability criterion 

along with the critical amplitude are derived. The analytical results predict that strong lo- 

cal coupling, high electromagnetic induction and strong long-range interactions may sup- 

port the formation of highly localized excitations in neural networks. Through numeri- 

cal simulations, the largest Lyapunov exponents are computed for studying chaos, the 

synchronization factor and the strong of incoherence are recorded for studying, respec- 

tively synchronous and chimera states in the network. We find the appropriate domains of 

space parameters where these rich activities could be observed. As a result, quasi-periodic 

synchronous patterns, chaotic chimera and synchronous states, strange chaotic and non- 

chaotic attractors are found to be the main features of membrane potential coupled with 

memristive current during long-range memory activities of neural networks. Our results 

suggest that a combination of long-range activity and memory effects in neural networks 

may produces a rich variety of membrane potential patterns which are involved in infor- 

mation processing, odors recognition and discrimination and various diseases in the brain. 

© 2020 Elsevier B.V. All rights reserved. 
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1. Introduction 

The memory effects inherent to the neural networks have the capability, even in the absence of stimulus-like external

current, to generate and sustain neuronal electrical activity when the electromagnetic induction magnitude reaches a certain

threshold [1,2] . Indeed, Wu et al. [1] have studied electrical activity in a Fitzhugh-Nagumo (FHN) cardiac model [3] under

electromagnetic induction. They reported that the collective behaviors of myocardial cells and electrical modes are much

dependent on the distribution of magnetic flux. Moreover it is indicated that electromagnetic induction can change the
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formation of spatial patterns and electrical activities of myocardial cells. Along the same line, Etémé et al. [2] have inves-

tigated firing and synchronization modes in a Hindmarsh-Rose (HR) neuronal model [4] under magnetic stimulation. They

found that neuronal electrical activity induced by electromagnetic induction of intra-and extracellular media is governed

by two main neurodynamics regimes namely, the spiking regime at the low induction and the bursting regime at the high

induction. Additionally, the memory effects induced by the fluctuation of internal magnetic flux could lead neural network

from an incoherent to a coherent states at weak local coupling ( D = 0 . 01 ), D being the diffusive coupling strength between

nearest-neighbor neurons. In certain circumstances, local coupling seems to be inappropriate in the transmission of neural

information in a given neuronal population thus restricting some brain functions such as visual perception [5] . Consequently,

the long-range interactions (LRIs) become essential. 

During the last decades, effects of LRI on the regulation of some biological processes have been increasingly studied in

different biological systems such as DNA [6,7] , α-helix proteins [8,9] and neural networks [5,10–12] . In visual perception, the

perception of illusory contours, area contrast, color constancy, depth plane, coherent motion and texture contrast requires

neurophysiological mechanisms within the visual pathways with LRI [5] . Indeed, the release of neurotransmitters at synap-

tic junctions would promote long-range (LR) communication between different neurons via nonlinear couplings. This also

suggests that the LRIs could ensure neuronal communication even in the event of defection of one or several neurons in a

given neural network. In our previous contributions [12,13] , effects of LR communication have been considered in investigat-

ing patterns formation and cooperative behaviors by handling a well-known one-dimensional HR model. It was found that

LR connections among neurons strongly affect cerebral activities which are mainly characterized by coherent (in the case

of weak LRI) and incoherent (in the case of strong LRI) nonlinear spatiotemporal patterns at weak local coupling. Although

the strong LRI regime became synchronous by increasing the diffusive coupling strength up to a suitable value [12] . As well,

Mvogo and its coworkers [11] have studied the properties of localized waves in the diffusive HR neural networks with LRI

modelled by fractional-order differential equations. They shown that LR diffusive couplings could be perceived as a way to

transport information via nonlinear waves both in spatial and temporal dimensions for specific processes of the brain to be

controlled. 

Soliton-like unperturbed localized waves have the great importance in the conduction of action potential along a nerve

fiber, since they can preserve density, velocity or amplitude of neuronal information. Such localized waves are well-known

to be generated by modulational instability (MI) phenomenon [12–18] under the competitive effects of nonlinearity and

dispersion in a given lattice. Additionally, MI and synchronization phenomena are believed to run in the same manner in

a given dynamical system. Accordingly, Etémé et al. [12] have demonstrated that more the connected neural chains are

modulationally unstable, more they become synchronically stable. The previous findings have been dealt with while taking

into consideration the external current as a neuro-stimulator. In the present framework we include in the so-called magne-

tized neural model [2] , effects of LRI to study the possibility of modulated synchronous patterns to rise within the system.

To do so, the competitive effects of electromagnetic induction, LRI degree and local coupling force are evaluated on the

substantiality of such patterns. 

The rest of the paper deals in Section 2 with the presentation of mathematical model and the multi-scaling approach

allowing to reduce the generic model into a discrete nonlinear Schrödinger (DNLS) equation with coefficients-dependence

on the control parameters. In Section 3 , MI is analytically examined and the instability criterion along with the critical am-

plitude expression are derived. Some features of MI including, critical amplitude, envelope soliton amplitude are displayed

followed by valuable comments on space parameters which could sustain a such behavior. The important role of complex

group velocity in neuronal systems as an active and absorbing media has been also highlighted. Section 4 presents the nu-

merical experiment on chaos, synchronous and chimera sates in neural network. We summarize our work in Section 5 by

concluding remarks and future explorations. 

2. Model and discrete multiscale analysis 

Very recently, we have developed a new mathematical HR model where neural electrical activity is exclusively stimu-

lated by means of electromagnetic induction [2] , whereas, several models where such activity is provoked either by external

current [12–14,19,20] or by DNA signaling [21] have been previously investigated. Here we consider a model of [2] by includ-

ing the LR diffusive effects in order to investigate the partnership between intrinsical memristive and boundary long-range

couplings on modulated waves along a chain made of N identical neurons. As a result, the mathematical model is given

by 

˙ x n = y n − ax 3 n + bx 2 n − z n − k 1 w (φn ) x n + 

J ∑ 

j=1 

D j (s )(x n + j − 2 x n + x n − j ) , 

˙ y n = c − dx 2 n − ey n , 

˙ z n = �2 
0 (x n − x e ) − rz n , 

˙ φn = x n − k 2 φn + φ0 , (1) 

where the state variables x n , y n , z n and φn , respectively, represent the action membrane potential, the fast ionic current, the

slow ionic current and the magnetic flux within neuron n , �2 = rκ . 

0 
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The function w ( φn ) x n stands for the memristive current [22–24] i n , where w (φn ) = cos (φn ) [2] represents the mem-

ductance which translates the memory effect of the memristor. It is easy to approximate the function w ( φn ) to w (φn ) =
α + 3 βφ2 

n with α = 1 and β = −1 / 6 for the system of Eq. (1) to be handled analytically. The s -dependent coefficient

D j (s ) = D | j| −s indicates the LR diffusive coupling strength with constant intensity D, j which suits up to J , is the normalized

distance between two interacting neurons in the network, J being the range of interaction, which gives an idea on the spatial

expansion of LR coupling. Parameters k 1 and φ0 , are the magnetic coupling strength on the one hand and external electro-

magnetic induction on the other hand. Here φ0 will be considered as a time-independent parameter. The constant model

parameters are fixed as: a = 1 . 0 , b = 3 . 0 , c = 1 . 0 , d = 5 . 0 , e = 1 . 0 , r = 0 . 006 , κ = 4 . 0 , x e = −1 . 60 , k 2 = 0 . 5 and φ0 = 1 . 0 ,

while D, s and k 1 will be considered as the control parameters. The nonlinear Eq. (1) which includes the intrinsical memris-

tive coupling term k 1 cos ( φn ) x n and the boundary LR coupling term 

∑ J 
j=1 

D | j| −s (x n + j − 2 x n + x n − j ) constitutes a new class of

neural models where the interplay between nonlinearity and dispersion should give rise to a nonlinear localized soliton-like

solutions known as the best tool in the transport and transfer of nerve impulses within neural networks [12–14,19,25–27] . In

order to demonstrate the existence of such solutions, we propose to firstly reduce Eq. (1) into a DNLS equation by applying

the technic of multiple scale expansion [10,13,18,26,28,29] . 

The approach based on discrete multiscale analysis, while considering boundary value problems, supposes that solution

s n (t) = { x n (t) , y n (t) , z n (t) , φn (t) } of Eq. (1) can be developed in a Taylor series in power of the small parameter ε measuring

the amplitude of the initial wave. That is to say 

s n (t) = 

∞ ∑ 

p=1 

ε p 

p ∑ 

l= −p 

S (l) 
p (m, τ ) A 

(l) (n, t) , (2)

where S (l) 
p (m, τ ) = { X (l) 

p (m, τ ) , Y (l) 
p (m, τ ) , Z (l) 

p (m, τ ) , 	(l) 
p (m, τ ) } obeys to the real valuedness condition S (−l) 

p (m, τ ) =
( S (l) 

p ( m, τ ) ) ∗, ∗ being the complex conjugate. A 

(l) (n, t) = e il(Qn +�t) represents the carrier wave that is modulated with the

envelope solution S (l) 
p (m, τ ) to form the general solution s n ( t ) at the perturbation of order p for a given harmonic l ≤ p .

The angular frequency � and the wavenumber Q of the carrier wave are usually related by a single nonlinear dispersion

relation. The slow scaling variables m and τ are defined as: 

m = ε2 n, τ = ε(t + n/ v g ) , (3)

where v g designates the group velocity which will be found later under the Fredholm solvability condition. The main formula

allowing to perform the diffusive term (x n + j − 2 x n + x n − j ) is given by 

x n + j − 2 x n + x n − j = 

[ 
A 

(l) (n + j, t) − 2 A 

(l) (n, t) + A 

(l) (n − j, t) 
] 

X 

(l) 
p (m, τ ) 

+ ε
[ 

A 

(l) (n + j, t) − A 

(l) (n − j, t) 
] (

j 

v g 

)
∂ 

∂τ
X 

(l) 
p (m, τ ) + 

ε2 

2 

[ 
A 

(l) (n + j, t) + A 

(l) (n − j, t) 
] 

×
(

j 

v g 

)
2 ∂ 

2 

∂τ 2 
X 

(l) 
p (m, τ ) + 

ε2 

2 

[ 
A 

(l) (n + j, t) − A 

(l) (n − j, t) 
] [ 

X 

(l) 
p (m + j, τ ) − X 

(l) 
p (m − j, τ ) 

] 
. (4)

Inserting solution (2) into Eq. (1) , we get 

X 

(0) 
1 

= Y (0) 
1 

= Z (0) 
1 

= 	(0) 
1 

= 0 , X 

(1) 
1 

= η, Y (1) 
1 

= 0 , Z (1) 
1 

= 

�2 
0 

r + i �
η, 	(1) 

1 
= 

1 

k 2 + i �
η, 

X 

(0) 
2 

= 

2(eb − d) 

e (κ + αk 1 ) 
| η| 2 , Y (0) 

2 
= −2 d 

e 
| η| 2 , Z (0) 

2 
= 

2 κ(eb − d) 

e (κ + αk 1 ) 
| η| 2 , 	(0) 

2 
= 

2(eb − d) 

k 2 e (κ + αk 1 ) 
| η| 2 , 

X 

(1) 
2 

= χ, Y (1) 
2 

= 0 , Z (1) 
2 

= 

1 

r + i �

(
�2 

0 χ − �2 
0 

r + i �

∂η

∂τ

)
, 	(1) 

2 
= 

1 

k 2 + i �

(
χ − 1 

k 2 + i �

∂η

∂τ

)
, 

X 

(2) 
2 

= a (2) 
2 

η2 , Y (2) 
2 

= − d 

e + 2 i �
η2 , Z (2) 

2 
= 

�2 
0 

r + 2 i �
a (2) 

2 
η2 , 	(2) 

2 
= 

1 

k 2 + 2 i �
a (2) 

2 
η2 , X 

(0) 
3 

= a (0) 
3 

∂| η| 2 
∂τ

, 

Y (0) 
3 

= −2 d 

e 

∂| η| 2 
∂τ

, Z (0) 
3 

= 

(
a (0) 

3 

r 
− 2 κ(eb − d) 

κe + αk 1 

)
∂| η| 2 
∂τ

, 	(0) 
3 

= 

(
a (0) 

3 

k 2 
− 2(eb − d) 

k 2 
2 
(κe + αk 1 ) 

)
∂| η| 2 
∂τ

, (5)

where η = ηm 

(τ ) and χ = χm 

(τ ) are the unknown functions, and 

a (2) 
2 

= ( r + 2 i �) 
(
b ( e + 2 i �) − d 

)

−1 

1 
, a (0) 

3 
= 

2 dr 
e + αrk 1 

+ 

2(eb−d)(r+ κ) 
(e + αrk 1 )(κe + αk 1 ) 


1 = 

(
e + 2 i �

)(
�2 

0 
+ 

(
r + 2 i �

)(
2 i � + αk 1 + 4 

∑ J 
j=1 

D j (s ) sin 

2 ( jQ ) 
))

. 

The dispersion relation found at the order ( ε1 , l = 1) is given by 

(i �) 2 + 

( 

r + αk 1 + 4 

J ∑ 

j=1 

D j (s ) sin 

2 

(
jQ 

2 

)) 

( i �) + 

( 

�2 
0 + αrk 1 + 4 r 

J ∑ 

j=1 

D j (s ) sin 

2 

(
jQ 

2 

)) 

= 0 , (6)
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and the group velocity derived from the Fredholm solvability condition at order ( ε2 , l = 1 ) should be verified as 

v g = 

∂�

∂Q 

= 

2 i (r + i �) 2 
∑ J 

j=1 
D j (1 − s ) sin ( jQ ) 

(r + i �) 2 − �2 
0 

. (7) 

By solving the dispersion relation given by Eq. (6) , we found real solutions in ( i �), that is to say, the angular frequency

� is purely imaginary. Hence, the group velocity given in Eq. (7) can be rewritten in the form v g = ic g , where c g designates

the imaginary part of the complex group velocity v g . From above, it is well-understood that both angular frequency of

carrier wave and group velocity of envelop soliton are fully imaginary complex numbers. This is commonly met in absorbing

and active media [30] where the imaginary parts of both angular frequency and group velocity are involved in temporal

attenuation of the signal. 

The order ( ε3 , l = 1 ), after made some simplifications yields the dynamics equation for ηm 

( τ ) as 

i 

J ∑ 

j=1 

ρ j (s ) 
(
ηm + j − ηm − j 

)
+ σ

∂ 2 ηm 

∂τ 2 
+ γ | ηm 

| 2 ηm 

= 0 , (8) 

with 

ρ j (s ) = D j (s ) sin ( jQ ) , σ = − �2 
0 

( r + i �) 3 
−

[
(r + i �) 2 − �2 

0 

]
2 
∑ J 

j=1 
D j ( 2 − s ) cos ( jQ ) 

4( r + i �) 4 
(∑ J 

j=1 
D j ( 1 − s ) sin ( jQ ) 

)
2 

, 

γ = −3 

(
a + 

3 βk 1 
(k 2 + i �) 2 

)
+ 2 

(
b − d 

e + i �

)
×

(
2(eb − d) 

e (κ + αk 1 ) 
+ 

(r + 2 i �) 
(
b(e + 2 i �) − d 

)

1 

)
. (9) 

The differential-difference equation Eq. (8) where the diffusive coefficient ρ j ( s ), the dispersion coefficient σ and the

nonlinearity coefficient γ are all real constitutes a DNLS equation. Similar equations have been early found in the broad

range of physical systems for investigating MI phenomenon [10,13,26,29,31] . In this framework, a such phenomenon will be

studied with a particular attention of long-range memory effects on synchronization and chaotic behavior of neural network.

3. Linear stability analysis 

A plane wave as ηm 

(τ ) = η0 e 
i (νm −μτ ) is considered to be a solution of amplitude Eq. (8) , where the amplitude η0 , the

wavenumber ν and the angular frequency μ verify the following discrete nonlinear dispersion relation 

μ2 = δ

[ 

| η0 | 2 − 2 

γ

J ∑ 

j=1 

ρ j (s ) sin ( jν) 

] 

, (10) 

with δ = γ /σ . Complex solutions in μ exist if the following instability criteria 

δ < 0 , (11) 

| η0 | 2 > 

2 

γ

J ∑ 

j=1 

ρ j (s ) sin ( jν) = η2 
0 ,cr , (12) 

are simultaneously fulfilled, so that μ = iλ. Moreover, the boundary function sin ( j ν) should be equal to unity for η0, cr to

reach its maximum value, that is to said ν j = π/ 2 . So, the positive real λ = 

√ 

−δ
[ 
| η0 | 2 − 2 

γ

∑ J 
j=1 

ρ j (s ) 
] 

. Eq. (11) defines a

large spectrum of wavenumbers Q in which modulated waves are spatially expected, whereas Eq. (12) defines the critical

amplitude above which such patterns arise within the network. Some former studies [10,13] have proven that the condition

of Eq. (11) is satisfied when 0 < Q ≤ Q cr , Q cr being the critical wavenumber of the carrier wave above which the plane

wave remains stable. This result is still verified here by numerically solving Eq. (11) . In this framework, we have adopted

Q = 0 . 01 π to investigate modulated waves within the system under the variation of the coupling intensity D , the power s of

LR interaction and the magnetic coupling strength k 1 while fixing J = 10 in order to limit LRI to the first twenty neighbors. 

Furthermore, it is worth noticing that the instability described in the present work results from wave scattering in a non-

linear medium (boundary value problem) which requires one to use a change of variables like m = ε2 n and τ = ε(t + n/ v g ) ,
which in turn leads to the unstable wave DNLS equation for the envelope ηm 

( τ ). The resulting instability is then of first or-

der (a second perturbation analysis of the equation for the envelope is not required), and has for boundary value problems

the same universal character as the Benjamin-Feir instability [32] has for initial value problems. Indeed, the Benjamin-Feir

instability describes the mechanism of the exponential growth of the modulation of a wave evolving in a continuous nonlin-

ear dispersive medium while in the discrete instability which is developed here, the plane wave becomes uniformly unstable

if its amplitude η0 exceeds a threshold value η0, cr for any wavenumber Q beyond the zero of the group velocity dispersion.

The above report accurately corroborates with the investigations which were made by Leon and Manna [18] while studying

discrete instability in nonlinear sine-Gordon and Toda lattices. 
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Fig. 1. (Color online) The panel shows the critical amplitude η0, cr versus the coupling intensity D under the change of parameters s and k 1 as written in 

the window. Curves (a) and (b) correspond to weak LRI (s = 10) , while curves (c) and (d) are for strong LRI (s = 1) . In both cases (weak and strong LRI), 

effects of spiking regime (k 1 = 0 . 6) and bursting regime (k 1 = 1 . 8) on critical amplitude are investigated. Increasing parameters D and k 1 increases the 

critical amplitude thus predicting that high values of D and k 1 could support MI phenomenon within a magnetized neural tissues. However, reversible 

effects are observed with increasing parameter s . 
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In practice the onset of modulational instability under the discrete instability mechanism occurs when the angular fre-

quency μ of a plane wave solution ηm 

( τ ) become complex, i.e., μ = iλ. Therefore the solution of envelop shape is trans-

formed into 

ηn (t) = η0 e 
ελt × exp [ iε(ε − λ/c g ) n ] . (13)

From above solution Eq. (13) , it is clear that the plane wave amplitude is not yet constant, instead grows exponentially as

time t increases. Hence, the envelope soliton amplitude η0 (t) = η0 e 
ελt constitutes the substantial issue of discrete instability.

In the following, we will examine the dependence of both critical amplitude η0, cr and envelop soliton amplitude η0 ( t ) on

the space control parameters including also effects of time t and imaginary part c g of the group velocity. 

The features of ( Fig. 1 ) shows the plot of critical amplitude η0, cr versus the diffusive coupling strength D for both spiking

( k 1 = 0 . 6) and bursting ( k 1 = 1 . 8 ) regimes, in weak ( s = 10 ) and strong ( s = 1 ) LRI. In recall, the weak LRI is supposed to

reduce interactions into a nearest-neighbor situation, while the strong LRI means that each lattice n in the network interacts

with all its first twenty neighbors. The spiking and bursting values of magnetic coupling strength k 1 have been chosen in

accordance with [2] . Here the results report that critical amplitude η0, cr increases with coupling intensity D , the magnetic

coupling strength k 1 and decreases with the power s of the LRI. The above issues predict that in the magnetized HR neural

model, bursting electrical activity is more unstable than spiking one and could be considered as a more suitable mode in

neural information processing within the brain. In other words, heavy electromagnetic induction better supports modulated

waves in neural tissues than the lowly process. It is also indicated that the memory effects induced by the variation of

the magnetic flux of intracellular medium may be accentuated by strong LRI, i.e., a small values of parameter s . In short,

we can predict from above that the generic magnetized HR neural model given by Eq. (1) may support the propagation

of soliton waves known as the best tool in conducting and transmitting of the nerve impulse within neural networks. The

phenomenon is emphasized by high electromagnetic induction, strong local coupling and strong LRI. 

Now we are going to examine the features of envelope soliton amplitude η0 ( t ) given by Eq. (13) . The results are pre-

sented on Figs. 2 and 3 when one especially considers weak instability ( s = 10 and k 1 = 0 . 6 ) in panel (a) and strong insta-

bility ( s = 1 and k 1 = 1 . 8 ) in panel (b). In Fig. 2 where η0 ( t ) is plotted as a function of D , we realize that initial amplitude

η0 of the plane wave does not remain constant instead grows with the time, also with others control parameters. Another

fact is that the magnitude of envelope soliton amplitude is greater in weak instability situation than in strong instability

one. This observation was obviously foreseeable since the large values of the critical amplitude are associated with the

small values of the modulation parameter λ. In Fig. 3 , the envelope soliton amplitude is plotted versus time t under the

change of imaginary part c g of the group velocity v g . We notice that as c g increases, the magnitude of envelope soliton

amplitude decreases in time. Furthermore, bursting regime appears to be very sensitive to the change of parameter c g since

the envelope soliton amplitude drastically decreases even for the low variation of parameter c g . All these issues confirm

that the complex group velocity is involved in temporal attenuation of envelope soliton signal within absorbing and ac-

tive media such as neural networks. Moreover, the more powerful the dynamical regime, the more the phenomenon of

attenuation. 
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Fig. 2. (Color online) Variations of envelope soliton amplitude η0 ( t ) versus the diffusive coupling strength D when propagation time t increases as displayed 

in each panels. In panel (a), weak LRI (s = 10) and spiking regime (k 1 = 0 . 6) is considered, while in panel (b), strong LRI (s = 1) and bursting regime 

(k 1 = 1 . 8) is examined. In both cases, we see how envelope soliton amplitude increases with the time and takes high values in the first case. 

Fig. 3. (Color online) Variations of envelope soliton amplitude η0 ( t ) versus time t for different values of c g , the imaginary part of group velocity v g . In 

panel (a), weak LRI (s = 10) and spiking regime (k 1 = 0 . 6) is considered by fixing D = 0 . 012 , while in panel (b), strong LRI (s = 1) and bursting regime 

(k 1 = 1 . 8) is examined by fixing D = 0 . 0012 . In both cases, we see how envelope soliton amplitude increases with the time and decreases with increasing 

of c g . 
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Of course thanks to the MI proceeding, the soliton-like localized waves known to better ensure storage, transport and

transmission of information have proven to be more reliable in many physical systems such as, nonlinear electrical trans-

mission lines [33,34] , α-helix proteins [8,9,15,16] and neural networks [10,12,13,19,35] just to cite a few. Usually, the linear

stability analysis is performed in order to seek the values range of space parameters which initiate the onset of MI without

any information on its longtime evolution. The present analytical contribution aims to improve the method by running the

temporal evolution of MI trough the features of the envelope soliton amplitude. Thus, it is shown that any perturbation

occurring in the network dynamics exponentially grows in time. This exponential growth rate predicts the appearance of

soliton-like localized waves within the network. In order to confirm the existence of the latter, we need to check if the

generic model may support these kind of solutions and seek their actions on waves propagation along with chaotic, syn-

chronous and chimera states. 
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4. Numerical experiments 

The discrete instability studied in the previous section allowed us to find the values spectrum of control parameters

under which modulated waves could be substantially propagated along the network, but does not give us any information

on chaotic behavior, full synchronization or chimera states. The present part aims to unveil these rich properties of the

considered neuronal oscillator by numerically solve the generic Eq. (1) while using the above analytical results to formulate

initial conditions. To this end, the fourth-order Runge-Kutta computational scheme, periodic boundary conditions and time

step h = 0 . 01 are adopted. A network made of N = 300 neurons nonlinearly coupled via LR interactions is used, while the

range of interaction has been limited to the first twenty neighbors, i.e., J = 10 . Initial conditions are derived from Eq. (2) ,

while the values 0.01 π and 

π
2 j 

were assigned to Q and ν , respectively. In the following, we propose to investigate the onset

and the manifestation of chaotic behavior along with synchronization and chimera states within the network under the

activation of MI. For this purpose, four specific dynamical regimes, namely: (I) weak long-range spiking (WLRS) for s = 10

and k 1 = 0 . 6 , (II) strong long-range spiking (SLRS) for s = 1 and k 1 = 0 . 6 , (III) weak long-range bursting (WLRB) for s = 10

and k 1 = 1 . 8 and (IV) strong long-range bursting (SLRB) for s = 1 and k 1 = 1 . 8 , regimes will be widely explored. 

4.1. MI and chaotic behavior of neural network 

A defining feature of chaos is sensitive dependence on initial conditions. This means that when a given dynamical system

exhibits chaotic behavior, a small changes in the state of a system will grow at an exponential rate and will dominate the

behavior. Usually chaos is quantified with Lyapunov exponents. These numbers are the long time average exponential rates

of divergence of nearby states. If a system has at least one positive Lyapunov exponent, then the system is chaotic. The larger

the positive exponent, the more chaotic the system; that is, the shorter the time scale of system predictability. A system

may possess any number of Lyapunov exponents, but to confirm chaos we only need to show that the largest Lyapunov

exponent (LLE) is positive [36–44] . 

In order to compute the LLE, we consider the non-perturbed state vector s n (t) = { x n (t) , y n (t) , z n (t) , φn (t) } and the per-

turbed one s nι(t) = { x nι(t) , y nι(t) , z nι(t) , φnι(t) } as a nearby solutions of Eq. (1) with initial conditions s n (0) and s n ι(0) such

that | s n (0) − s nι(0) | = ι << 1 . Thenceforward, the distance between the corresponding trajectories 

d n (t) = 

√ 

(x n (t) − x nι(t)) 2 + (y n (t) − y nι(t)) 2 + (z n (t) − z nι(t)) 2 + (φn (t) − φnι(t)) 2 , (14)

is used to evaluate the LLE as [37] 

λmax = lim 

t→∞ 

lim 

ι→ 0 

1 

t 
ln 

(
d̄ (t) 

ι

)
, (15)

where d̄ (t) designates the space average of the distance d n ( t ), ι = 0 . 0 0 01 was selected with an aim of having very close

trajectories at the initial time t = 0 , that is to say s nι(0) = s n (0) + ι. In what follows, each of the four dynamical regimes

will be explored and we could follow the impact of MI on chaotic behavior of the network. 

In Fig. 4 the LLE, λmax , of each regime is plotted versus the local coupling strength, D . For both WLRS and SLRS regimes,

the LLE remains positive thus suggesting that both regimes are unconditionally chaotic regardless the values of control

parameters. But, it is worth noticing that SLRS regime is more chaotic than WLRS regime, since its maximum LLE is greater

than that of the other. On the other hand, WLRB regime yields a transient chaotic behaviors [22] at D = 0 . 01 , i.e., its LLE

takes negative value for D < 0.01 and remains positive elsewhere for chaotic activities to take place. However SLRB regime

is periodic only in the uncoupled ( D = 0 ) situation, afterward, it keeps its chaotic character for all non-null D -values. By

comparing the maximum values of the LLE in both cases, i.e., WLRB and SLRB regimes, we found that SLRB regime is more

chaotic than WLRB one. The data of Table 1 give a general idea on chaotic behavior of the four explored dynamical regimes.

This table suggests that the more powerful the localized excitations, the more the system chaotic. In order to be convinced

with evidence of chaos, we have plotted the phase portraits of the memristive current i n (t) = k 1 
[

cos 
(
φn (t) 

)]
x n (t) versus

the membrane potential x n ( t ) for a given node n , the results are depicted on Fig. 5 . 

The panels of Fig. 5 show the chaotic attractors at low level (see panels ( aj ) j=1 , 2 , 3 , 4 ), then at high level (see panels

( bj ) j=1 , 2 , 3 , 4 ) of chaos. The panels have been featured for any ( s, k 1 , D )-values of Table 1 . In each panel, the nonlinear 8-

shaped Lissajous curves are observed with chaotic features. These Lissajous curves represent a strange chaotic attractors

where the basin of the two-scroll attractors is narrowed when MI grows. It is well-established that chaotic neural oscillators

make a significant contribution to relevant network behavior [45,46] . Indeed, by means of chaos, neural systems get the abil-

ity to adapt, make transitions from one pattern of behavior to another when the environment is altered, and consequently

to create a rich variety of patterns [45] . On the other hand Xu et al. [46] showed that chaotic nodes can promote what is

known as multi-stable behavior, where the network dynamically switches between a number of different semi-synchronized,

meta-stable states. The present contribution which addresses the role of MI along with implications of long-range memory

effects on emergency of chaotic states within neural systems agrees with this former results and allows to control chaotic

activity in the brain by adjusting either the local coupling strength D , the magnetic coupling strength k 1 or the long-range

parameter s . 

In order to read the value of the LLE at any value of D and k 1 , the network chaotic map is graphed in Fig. 6 , while

considering weak LRI in panel (a) and strong LRI in panel (b). It is observed that when the simulation time t regresses and
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Fig. 4. (Color online) The largest Lyapunov exponent λmax as a function of diffusive coupling strength D for weak ( s = 10 ) and strong ( s = 1 ) LRIs in spiking 

( k 1 = 0 . 6 ) and bursting ( k 1 = 1 . 8 ) regimes. Positive and negative values of λmax correspond to a chaotic and quasi-periodic regimes, respectively. 

Fig. 5. (Color online) Chaotic attractors at low level of chaos in panels (a j) j=1 , 2 , 3 , 4 and at high level of chaos in panels (bj) j=1 , 2 , 3 , 4 as shown in Table 1 . 

Panels (a1) and (b1) characterize regime- (I) , (a2) and (b2) are for regime- (II) , (a3) and (b3) for regime- (III) , while (a4) and (b4) correspond to regime- (IV) . 
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the number N of interacting neurons decreases, the neural network is found in a steady chaotic state since the LLE takes

only positive values. On each map, the concentrated yellowish areas represent the regions of high chaos whereas the bluish

areas are those where the phenomenon of chaos is moderate. Shortly, strong long-range memory effects may induce and

emphasize the chaotic dynamical behavior of neural networks. 

4.2. MI and neural network synchronicity 

There exists different ways to investigate the stability of neural synchronization [44,47] . Here we have adopted the syn-

chronization factor [2,21] to evaluate the degree of network synchronicity during propagation of LR modulated waves within
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Table 1 

Minimum and maximum values of the positive LLE λ+ 
max at specific values of the diffusive coupling strength D for spiking and bursting regime in weak and 

strong LRIs. The table allows to quantify low (for each λmin ) and high (for each λmax ) levels of chaos within the network under the change of the control 

parameters. 

Fig. 6. (Color online) Distribution for the largest Lyapunov exponent λmax in k 1 − D plane in weak LRI (on panel (a)) and strong LRI (on panel (b)) in a small 

network lattice ( N = 100 ) during a short time period t max = 20 0 0 . Only positive Lypunov exponents are detected thus highlighting the chaotic behavior of 

the network. 
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neural network, especially when the phenomenon of electromagnetic induction is considered as a genuine neuro-stimulator.

Indeed, the synchronization factor is defined as 

R = 

〈
x̄ 2 (t) 

〉
−

〈
x̄ (t) 

〉2 
1 
N 

∑ N 
n =1 

[〈
x 2 n (t) 

〉
−

〈
x n (t) 

〉2 ] , x̄ (t) = 

1 

N 

N ∑ 

n =1 

x n (t) , (16)

where < · > denotes the time averaging. The quantity x̄ (t) designates space average of membrane potential. The pa-

rameter R allows to measure the synchronization degree of a given network. The values of R are between 0 and 1, and

it increases with decreasing average membrane potential errors. It is believed that when the values of R are near to unit

( R ~ 1), the network reaches its synchronicity state. However, the small values of R (when R converges towards zero) give

rise to an unsynchronized states. In what follows, we will firstly examine the synchronicity states of the network via the

spatial distribution of synchronization factor R , then select a suitable values of space parameters to present some MI features

of membrane potential which should necessary be affected by LR parameters. 

The features of Fig. 7 show the variation of the synchronization factor R versus the local coupling strength D for all

four dynamical regimes as in Fig. 4 . The curves of Fig. 7 give us a possibility to find the appropriate value of the coupling

strength D for which the level of synchrony is either high or low. A simple analysis of these curves shows that the slightly

unstable regimes, i.e., spiking regime and bursting one in weak LRI would reach their perfect synchronization states at weak

local coupling, since the high values of synchronization factor are detected for the low values of synaptic coupling strength

D as presented on Table 2 . These results predict that at weak local coupling, either in weak or strong LRIs, spiking regime

is more synchronously stable than bursting regime which is more modulationally unstable than the former. By comparing

these results with those found on chaos investigation, we can conclude that at weak local coupling, the more the regime is

modulationally unstable, the more it is chaotic and the less it is synchronous and, reciprocally. Now, concerning the highly

unstable regimes, i.e., spiking regime and bursting one in strong LRI, we notice that high values of the synchronization factor

are reached at strong local coupling. For example we found that when D = 0 . 62 then R max = 0 . 8664 for SLRS regime and

when D = 0 . 99 , R max = 0 . 7903 for SLRB regime. These results predict that SLRS regime is more sensitive in accomplishing of

synchronization than SLRB regime which in turn is more modulationally unstable and more chaotic than the former. As the

phenomenon of neural synchronization is involved in developing of Parkinson states within the brain, it becomes therefore

plausible to state and understand that the long-range memory effects may induce Parkinson states in some brain regions
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Fig. 7. (Color online) Distribution for synchronization factor R within the magnetized neural network in both weak LRI (s = 10) and strong LRI (s = 1) 

under spiking (k 1 = 0 . 6) and bursting (k 1 = 1 . 8) regimes. Panel displays variations of synchronization factor R as a function of diffusive coupling strength 

D . Large values of R predict a high synchronization level, while small values of the same parameter predict low synchronization level within the network. 

Fig. 8. (Color online) Features of membrane potential x n ( t ) at low level of synchronization ( R → R min ), for spiking regime ( k 1 = 0 . 6 ). Panels (a) and (c) 

describe the spatiotemporal dynamics of membrane potential. Panels (b) and (d) are time series of three different nodes, n = 50 , n = 100 and n = 225 . 

Panels (a) and (b) correspond to weak LRI (s = 10) , while panels (c) and (d) correspond to strong LRI (s = 1 . 0) . We have selected D = 0 . 1 for R = 0 . 0010 in 

(a)-(b), and D = 0 . 05 for R = 0 . 0184 in (c)-(d). The appearance of spiking-like chimera states within the network is observed. 
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during short-term memory effects. However, during long-term memory effects, these Parkinson states may simply either be

annihilated or blocked. 

Furthermore, the specific values of Table 2 are used to highlight the main features of membrane potential. Firstly we con-

sider the low level of synchronization (when R → R min ) for WLRS and SLRS regimes. The results are presented in Fig. 8 where

the spatiotemporal dynamics of membrane potential is displayed in panels (a) and (c), whereas time series of three differ-

ent nodes n = 50 , n = 100 and n = 225 are depicted in panels (b) and (d). Panels (a)-(b) correspond to WLRS regime, while

panels (c)-(d) correspond to SLRS regime. In reminder, according to the investigation on chaotic activity, spiking regimes

exhibit only chaotic behavior regardless to the control parameters values. Therefore, in both regimes it is observed that the

spatiotemporal dynamics of membrane potential displays a chaotic chimera states while a chaotic spiking patterns are ob-

served in time series features. A similar behavior is observed in Fig. 9 where same features are presented but in bursting
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Fig. 9. (Color online) Features of membrane potential x n ( t ) at low level of synchronization ( R → R min ), for bursting regime ( k 1 = 1 . 8 ). Panels (a) and (c) 

describe the spatiotemporal dynamics of membrane potential. Panels (b) and (d) are time series of three different nodes, n = 50 , n = 100 and n = 225 . 

Panels (a) and (b) correspond to weak LRI (s = 10) , while panels (c) and (d) correspond to strong LRI (s = 1 . 0) . We have selected D = 0 . 05 for R = 0 . 0063 

in (a)-(b), and D = 0 . 02 for R = 0 . 1663 in (c)-(d). The appearance of bursting-like chimera states within the network is observed. 

Fig. 10. (Color online) The snapshots of the membrane potential x n ( t ) of all neurons in neural network at low level of synchronization ( R → R min ). A specific 

time t was selected as t = 1197 in (a)-(b) and t = 1974 in (c)-(d). Spiking regime ( k 1 = 0 . 6 ) is displayed in panels (a)-(b), while bursting regime ( k 1 = 1 . 8 ) 

is displayed in panels (c)-(d). Panels (a) and (c) correspond to the weak LRI ( s = 10 ), while panels (b) and (d) are for strong LRI ( s = 1 . 0 ). Diffusive coupling 

strength D was selected as D = 0 . 1 for R = 0 . 0010 in (a), D = 0 . 05 for R = 0 . 0184 in (b), D = 0 . 05 for R = 0 . 0063 in (c) and D = 0 . 02 for R = 0 . 1663 in (d), 

R being the synchronization factor. 
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regimes. Indeed, a chaotic chimera states are clearly observed in panels (a) and (c), while chaotic bursting patterns are ob-

served in panels (b) and (d). Remarkably, in WLRS and WLRB regimes, coherent states dominate over incoherent one, that

is to say in both regimes, a great number of neurons oscillate synchronously, while only a few cells fire asynchronously.

However, an opposite behavior is observed for SLRS and SLRB regimes. Indeed, one can observe how asynchronous states

widely dominate over synchronous one. For example we can estimate 33 percent of neurons assembly which synchronize

for a short period and then remain in an asynchronous state. 

To emphasize on the prediction of chimera-like states in the explored model, the snapshots of membrane potential x n ( t )

of all neurons in the network at a given time t are presented in Fig. 10 for all four dynamical regimes. We can see in the

hotpaper.net


12 A.S. Etémé, C.B. Tabi and A. Mohamadou et al. / Commun Nonlinear Sci Numer Simulat 84 (2020) 105208 

Fig. 11. (Color online) Spatiotemporal dynamics of membrane potential x n ( t ) at high level of synchronization ( R → R max ), for spiking regime ( k 1 = 0 . 6 ) 

in (a)-(b) and bursting regime ( k 1 = 1 . 8 ) in (c)-(d). Panels (a) and (c) correspond to the weak LRI ( s = 10 . 0 ), while panels (b) and (d) are for strong LRI 

( s = 1 . 0 ). The corresponding coupling intensity D is such that D = 0 . 01 for R = 0 . 8895 in (a), D = 0 . 62 for R = 0 . 8664 in (b), D = 0 . 01 for R = 0 . 8404 in (c) 

and D = 0 . 99 for R = 0 . 7903 in (d), R being the synchronization factor. Chaotic synchronization is displayed for WLRS regime in (a), SLRS regime in (b), 

SLRB regime in (d), while non-chaotic synchronization is achieved for WLRB regime in (c). 

Table 2 

Minimum and maximum values of synchronization factor R at specific values of the diffusive coupling strength D for spiking and bursting regime in weak 

and strong LRIs. The table allows to quantify low (for each R min ) and high (for each R max ) levels of network synchronicity under the change of the control 

parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

hotpaper.nethotpaper.net
corresponding panels that at a given time t , the membrane potential of a subgroup of neurons reaches and keeps a constant

value. Consequently, this set of neurons having the same value of the membrane potential produces synchronous dynamical

states. In contrast, the regions where the membrane potential changes with the network index n constitute asynchronous

states. Hence, we can argue that all four dynamical regimes could exhibit chimera states at specific values of control param-

eters. The present results are similar to those found by Xu et al. [48] when they investigated chimera states and synchroniza-

tion behavior in multilayer memristive neural networks. Indeed, chimera states are an hybrid states combining asynchronous

and synchronous behaviors in a network of identical coupled oscillators [48–51] . These attractive spatiotemporal patterns

are believed to be involved in some physical phenomena such as unihemispheric sleep of dolphins and certain migratory

birds [52,53] , ventricular fibrillation [54] , various types of brain diseases [55,56] . 

Now at high level of synchronization ( R → R max ), the spatiotemporal dynamics of membrane potential x n ( t ) of all four

dynamical regimes are presented in Fig. 11 . The results illustrate the formation of synchronous chaotic patterns in panels

(a), (b) and (d), while non-chaotic synchronous patterns are observed in panel (c). It should be emphasized that the chaotic

behavior of neural dynamics is responsible for the recognition of odors and discrimination [57] . Indeed, it has been demon-

strated that neural dynamics are heavily dependent on chaotic activity which allows neural system to add a new odor to

its repertoire of learned odors [57] . Furthermore, based on the maximum values of the synchronization factor for all four

regimes, we can argue that WLRS and SLRS regimes might be more synchronously stable than WLRB and SLRB regimes. 

The simulation results of Fig. 12 are some chaotic attractors at low and high level of synchronization by considering the

four dynamical regimes, namely, WLRS in (a1) and (b1), SLRS in (a2) and (b2), WLRB in (a3) and (b3), finally, SLRB in (a4)

and (b4). The nonlinear 8-shaped Lissajous curves are still observed with chaotic behavior because, in each case the LLE

keeps a positive value. These Lissajous curves form a two-scroll attractors which appear to be very sensitive to the change

of either the magnetic coupling strength k or the LR parameter s . It is important to mention that the modulation between
1 
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Fig. 12. (Color online) Chaotic attractors at low level of synchronization in (a j) j=1 , 2 , 3 , 4 , then at high level of synchronization in panels (bj) j=1 , 2 , 3 , 4 as shown 

in Table 2 . Panels (a1) and (b1) characterize regime- (I) , (a2) and (b2) are for regime- (II) , (a3) and (b3) for regime- (III) , while (a4) and (b4) correspond to 

regime- (IV) . 

Fig. 13. (Color online) Distribution for the synchronization factor R in k 1 − D plane in weak LRI (on panel (a)) and strong LRI (on panel (b)) in a small 

network lattice ( N = 100 ) during a short time period t max = 20 0 0 . These features show that more than weak LRI, strong LRI may yields a large spectrum of 

( k 1 , D )-values where chaotic synchronous patterns are expected. 
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magnetic flux and membrane potential could be generally realized at two different frequencies, one being associated with

free oscillations of neural system, and the other, with the fluctuation of magnetic field of intracellular medium. For a such

situation of frequency modulation, the chimera states may be understood as an hybrid states where the modulator frequency

is sometimes equal, sometimes different from that of resonator. In that sense, the phase portraits presented in Fig. 12 may

be useful in controlling of chimera states stability while slowing down or by accelerating the phenomenon of amplitude

resonance. Accordingly, when the two frequencies are equal the network may reach a synchronous states. 

Lastly, we present in Fig. 13 the synchronization map of a small neural network including only 100 neurons acting for a

short time period t = 20 0 0 . On the left panel (a), weak LRI is considered and gives us possibility to expect synchronous neu-

ral network activity only at weak local coupling strength in spiking regime. An increasing in parameters D or k 1 dissipates

the synchronization energy and yields blue non-patterned regions in which neural synchronicity is very poor. On the other

hand, the right panel (b) displays effects of strong LRI on synchronization activity. As that is observed, strong LRI yields a

large spectrum of ( k 1 , D )-values where synchronous chaotic patterns are expected. 

In short, the dependence between the synchronization factor R of the explored neural network, and the synaptic cou-

pling strength D allowed us to observe either quasi-synchronous patterns or chimera states for some specific values of the

parameter D . However, if synchronous and asynchronous states can be well characterized by the synchronization factor,

chimera (or hybrid) states on the other hand, cannot be highlighted by this parameter. It is therefore important to explore

the existence of these hybrid states using certain statistical measures such as strength of incoherence [58] . 

4.3. MI and characterization of chimera patterns 

In recall, a chimera state is the spatial coexistence of coherent (synchronous) and incoherent (asynchronous) dynamics

in a network of coupled oscillators, at specific parameter values. There exists several parameters including, strength of in-
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Fig. 14. (Color online) Strength of incoherence SI versus diffusive coupling strength D in panels (a j) j=1 , 2 , 3 , 4 . Panels (bj) j=1 , 2 , 3 , 4 show the snapshots of the 

difference variable w n for each neuron n in neural network at t = 20 0 0 . From top to bottom, we have WLRS regime in (a1)-(b1), SLRS regime in (a2)-(b2), 

WLRB regime in (a3)-(b3) and SLRB regime in (a4)-(b4). In panels (bj) j=1 , 2 , 3 , 4 , we fixed D = 0 . 5 in (b1)-(b3) and D = 0 . 1 in (b4) for chimera state domain. 
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coherence (SI), discontinuity measure, mean phase velocities, basin stability measure and master stability function [58–61] ,

allowing to characterize chimera states in a network of coupled oscillators. Here we have adopted parameter SI, recently

proposed by Gopal et al. [58] to find the specific values of coupling strength D for which chimera patterns take place within

the considered dynamical model. In practice, parameter SI is computed by firstly introducing a difference variable defined

as w n = x n +1 − x n for n = 1 , 2 , ..., N and dividing the number of oscillators into M (even) bins of equal length p = N/M. Then

the local standard deviation σ ( m ) is defined as 

σ (m ) = 

〈 √ 

1 

p 

mp ∑ 

k = p(m −1)+1 

(
w k − w̄ 

)
2 

〉 
, m = 1 , 2 , ..., M, (17) 

where w̄ = 

1 
N 

∑ N 
n =1 w n designates the space average of variable w n and < · > denotes the average over time. The quantity

σ ( m ) is calculated for every successive p number of oscillators. From σ ( m ), parameter SI is evaluated as 

SI = 1 −
∑ M 

m =1 s m 

M 

, s m 

= �(ρ − σ (m )) , (18) 

where �(.) is the Heaviside step function, and ρ is a predefined threshold that is reasonably small. Here we fixed M = 60

and considered ρ as a certain percentage value of difference between x n,max and x n,min . Accordingly, SI = 1 for incoherent,

SI = 0 for coherent and 0 < SI < 1 for chimera states, respectively. 

Results of Fig. 14 describe the evolution of SI as a function of local coupling strength D on the left and the snapshots

of the difference variable w n on the right at specific values of parameter D while fixing t = 20 0 0 . We have considered

each of four dynamical regimes: (I) WLRS regime in (a1)-(b1), (II) SLRS regime in (a2)-(b2), (III) WLRB regime in (a3)-(b3)

and (IV) SLRB regime in (a4)-(b4). It is noticed that WLRS regime supports synchronous state only when D ≤ 0.01 and

remains either in chimera or in asynchronous states elsewhere. The result is quite consistent with that was predicted by the
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Fig. 15. (Color online) Spatiotemporal plots of difference variable w n ( t ) in panels (a j) j=1 , 2 , 3 , 4 and membrane potential x n ( t ) in panels (bj) j=1 , 2 , 3 , 4 for the 

same scenarios as in Fig. 14 . Therein, chimera states are illustrated for each of four dynamical regimes. 
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synchronization factor R . In reminder, we found that for WLRS regime the maximum value of R is reached for D = 0 . 01 , thus

leading all neuronal oscillators to a synchronous state. Additionally, the value D = 0 . 1 which is associated to the minimum

value of R also coincides with the maximum value SI = 1 which translates incoherent behavior of neural network. As regards

SLRS regime, it is observed that neural network adopts a chimera state for D < D c , then works incoherently for D = D c

and remains in a chimera state for D > D c , with D c = 0 . 04 . Reasonably, we expected D c = 0 . 05 , value for which the factor

of synchronization is minimum instead of D c = 0 . 04 as observed. This small deviation about the change of rhythmicity

of neuronal oscillators can be connected to the chaotic behavior of the network highlighted previously. Furthermore, the

value D = 0 . 62 which generates a maximum value of the synchronization factor R max = 0 . 8664 belongs to the chimera state

domain, thus suggesting that SLRS regime may be either in a chimera state or in asynchronous state while synchronous state

is almost unexpected, except under other specific conditions. About WLRB and SLRB regimes, some similarities are observed.

Indeed, for both regimes neuronal activity is characterized by chimera patterns for 0 < SI < 1, incoherent structures for

SI = 1 and synchronous state for SI = 0 , at specific values of parameter D as displayed in panels (a3) and (a4) of Fig. 14 .

Interestingly, the value of D for which the synchronization factor R is minimal for incoherent states are identical to that for

which the strength of incoherence, SI = 1 , for the same dynamical state. The panels of Fig. 14 (b j ) j = 1 , 2 , 3 , 4 are in perfect

agreement with those of Fig. 14 (a j ) j = 1 , 2 , 3 , 4 , since the state variable w n converges toward 0 for coherent states and

diverges from 0 for incoherent states, thus suggesting the existence of chimera-like patterns within neural network. 

To strengthen the idea on the coexistence of coherent and incoherent modes in the network, the spatiotemporal diagrams

of the corresponding chimera states are depicted on Fig. 15 . The difference variable w n ( t ) and the membrane potential

x n ( t ) are surfed versus cell number n and time t in panels (a j ) j = 1 , 2 , 3 , 4 and (b j ) j = 1 , 2 , 3 , 4 , respectively for the same

scenarios as in Fig. 14 . Regarding WLRS regime, both (coherent and coherent) states are clearly identifiable. However, for

the other regimes coherent state seems to take control over incoherent state, thus confirming that at strong local coupling,

the stronger the MI phenomenon, the more synchronous the network [12] . In short, the combined use of the strength of

incoherence and the synchronization factor may be helpful to find the accurate values of R , for which a given oscillators

network start to synchronize. 

5. Conclusion 

In this paper, we studied both analytically and numerically modulational instability, chaos, synchronization and chimera

states in a diffusively coupled Hindmarsh-Rose neurons. Four dynamical regimes namely weak long-range spiking regime,

strong long-range spiking regime, weak long-range bursting regime and strong long-range bursting regime have been ex-

plored along with their potential impact on the formation of modulated excitations, chaotic synchronous and chimera states

within neuronal network. 

Analytically, we found that strong local coupling, high electromagnetic induction and strong long-range interactions im-

portantly support the development of discrete instability within the system. Outstandingly, the critical amplitude and the

envelope soliton amplitude as the main MI features are found to be an increasing functions of local coupling strength D and

magnetic coupling strength k , while the same functions decreased with the increasing of long-range parameter s . Addi-
1 
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tionally, the impact of the complex group velocity has been examined. We found that the imaginary part of this parameter

largely contributes to the attenuation of the envelope soliton amplitude over the time, although this phenomenon may be

inhibited by weaker short-range memory effects. 

Numerically, the largest Lyapunov exponents were computed for studying chaos and the synchronization factor was

recorded for studying synchronization in neural network. On the one hand, we found that strong long-range memory effects

may induce and emphasize the chaotic dynamical behavior of neural networks. On the other hand, the results on synchro-

nization predicted that either in weak or strong LRIs, spiking regime is more synchronously stable than bursting regime

which is more modulationally unstable than the former, especially at weak local coupling. By comparing the results on syn-

chronization with those found on chaos investigation, we can conclude that at weak local coupling the more the regime

is modulationally unstable, the more it is chaotic and the less it is synchronous and, reciprocally. However, when the lo-

cal coupling strength became greater, we observed that the powerfully localized modes were also more chaotic and more

synchronously stable. 

Thanks to statistical measures such as the strength of incoherence, chimera states were elucidated according to the

values of the synaptic coupling parameter D . As a result, WLRS regime can adopt the synchronicity state only for low values

(0 < D ≤ 0.01) of D . For other values of the same parameter, the neural network remains either in a chimera state or in an

asynchronous state under WLRS regime. However, under SLRS regime, the neural network operates almost via chimera-like

patterns, except for D = 0 . 04 where an asynchronous regime could be observed. Additionally, WLRB and SLRB regimes could

exhibit coherent behavior over a wider spectrum of higher values of the parameter D . However, for both regimes, chimera

and asynchronous states can also be obtained for another range of values of D as shown in Fig. 14 (a j ) j = 1 , 2 , 3 , 4 . In our

view, the synchronization factor alone does not allow us to better characterize the phenomenon of neuronal synchronization.

This parameter should be coupled with the strength of incoherence in order to find its threshold value which indicates the

onset of synchronous neuronal activity. 

In conclusion, the combination between long-range interactions and electromagnetic induction phenomenon induces 

long-range memory effects in neural network. The latter produce a rich neural activity including, quasi-periodic synchronous

patterns, chaotic and non-chaotic patterns, chimera’s, asynchronous and synchronous states, strange chaotic and non-chaotic

attractors. All these patterns contribute not only in efficient information processing in the brain in a normal process, but

may also be a potentials precursors of some brain injuries such that epileptic seizures, Parkinson and Alzheimer diseases in

case of cerebral dysfunctional. 

Recent contributions have shown that the neural system can exhibit a high level of synchronization by just increasing

the temperature of the system [47] . Therefore, we will attempt to study in the near future, the influence of temperature on

chaotic, chimera and synchronous states within neural systems during short or long-range memory effects. 
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