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Capacities of Gaussian Quantum Channels With
Passive Environment Assistance

Samad Khabbazi Oskouei

Abstract—Passive environment-assisted communication takes
place via a quantum channel modeled as a unitary interaction
between the information carrying system and an environment,
where the latter is controlled by a passive helper, who can
set its initial state such as to assist sender and receiver, but
not help actively by adjusting her behaviour depending on
the message. Here we investigate the information transmission
capabilities in this framework by considering Gaussian unitaries
acting on Bosonic systems. We consider both quantum com-
munication and classical communication with helper, as well as
classical communication with free classical coordination between
sender and helper (conferencing encoders). Concerning quantum
communication, we prove general coding theorems with and
without energy constraints, yielding multi-letter (regularized)
expressions. In the search for cases where the capacity for-
mula is computable, we look for Gaussian unitaries that are
universally degradable or anti-degradable. However, we show
that no Gaussian unitary yields either a degradable or anti-
degradable channel for all environment states. On the other hand,
restricting to Gaussian environment states, results in universally
degradable unitaries, for which we thus can give single-letter
quantum capacity formulas. Concerning classical communication,
we prove a general coding theorem for the classical capacity
under an energy constraint, given by a multi-letter expression.
Furthermore, we derive an uncertainty-type relation between
the classical capacities of the sender and the helper, helped
respectively by the other party, showing a lower bound on the
sum of the two capacities. Then, this is used to lower bound the
classical information transmission rate in the scenario of classical
communication between sender and helper.

Index Terms—Quantum Gaussian
Gaussian capacity, super-activation.
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I. INTRODUCTION

N QUANTUM mechanics, every noisy channel (completely

positive and trace preserving — CPTP — linear map) is
the marginal of a reversible (i.e. unitary) interaction with
an environment initially in a pure state; this is the content
of Stinespring’s dilation theorem [30], and of the subse-
quent structure theorems of Choi [6], Jamiotkowski [15]
and Kraus [18]. This feature, which distinguishes quantum
communication fundamentally from its classical counterpart,
is at the core of the possibility to perform unconditional secret
key agreement over a channel, since the channel essentially
uniquely determines the action on the environment. In this
picture, noise in the channel is entirely due to loss of infor-
mation into the environment, more precisely the build-up of
correlations between the system and the environment. A series
of prior work, starting with [9], [10] have asked how much one
can counteract the noise if one had access to the environment
output state and could feed classical information back into the
channel output system [11], [20], [21], [29], [34].

Somewhat dually, two of the present authors have asked
previously what benefit can be obtained by accessing the
initial state of the environment [16], [17]. In contrast to
the (active) interventions in the environment of the afore-
mentioned works, we call this passive environment-assistance,
since the role of the helper is restricted to choosing a suitable
initial state. These previous results were obtained in the
finite-dimensional setting. Here, we extend the model and
results to infinite-dimensional systems, with special attention
to Gaussian channels and their Gaussian unitary dilations.
Additional motivations for the model of passive environment-
assistance comes from the notion of environment-parametrized
quantum channels, which are used to describe quantum
memory cells [8].

The present paper is structured as follows: In Section II
we define the system model and establish basic notation.
In Section III we treat quantum communication capacities both
without and with energy constraints; we show that two-mode
Gaussian unitaries are never universally degradable or anti-
degradable, but restricting to Gaussian helper there are families
of either type, allowing us to explicitly calculate the passive
environment-assisted quantum capacity under this restriction.
In Section IV we analyze the classical capacity with a helper
under energy constraints both for sender and helper; we show
that the capacity of the sender assisted by the helper and of the
helper assisted by the sender cannot both be small, and apply
this insight to the case of conferencing encoder. In Section V
we prove that the passive environment-assisted quantum and
classical capacities with energy constraints are continuous
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Fig. 1. Diagrammatic view of the parties involved in the communication.
Sender (Alice) and receiver (Bob) control respectively the systems A and B.
A third party controls the environment input system E to assist the commu-
nication between sender and receiver. The inaccessible output-environment
system is labelled as F. All in all the quantum channel NAF—F js
established.

n

in the unitary interaction, and indeed uniformly so with
respect to the energy-constrained diamond norm. In Section VI
we conclude. Two appendices provide additional proofs:
In Appendix A we prove Theorem 7, stating that non-trivial
two-mode Gaussian unitaries are neither universally degrad-
able nor universally anti-degradable; Appendix B proves
tighter lower bounds on the sum of classical capacities for
two-mode Gaussian unitaries.

II. SYSTEM MODEL AND NOTATION

In the present paper, we consider a communication model
between Alice and Bob that involves also a third party (helper)
controlling the environment input system, whose aim is to
enhance the communication between Alice and Bob (see
Fig. 1). We assume that the helper sets the initial state of
the environment to enhance the communication from Alice to
Bob, and then has no role in the coding protocol, thus we refer
to this model as passive environment-assisted model.

We will be interested in the realization of this model
by infinite dimensional systems, particularly with Gaussian
unitary transformations W and then to the channels that arise
from them depending on the state 7.

Let £(X) denote the space of linear operators on a (separa-
ble) Hilbert space X. We denote the identity operator in £(X)
as 1 x and the identity map (ideal channel) id : £(X) — £(X)
is denoted by id x . For any linear operator A : A — B between
Hilbert spaces we denote the trace norm

[A[l := Tr VATA = Tr[A], (1)
and the operator norm

IAlloo := sup{|A[¥)| : [¥) € A, [[¥)| =1}, (@)

where |- | denotes the Hilbert space norm. Let 7 (X) C £(X)
denote the set of trace class operators whose trace norm,
defined above, is finite; likewise, B(X) C L£(X) is the set of
bounded operators, whose operator norm is finite. Any positive
semidefinite element p € 7 (X) with Trp = 1 is called a
density operator. Obviously the set S(X) of such operators is
a proper subset of 7 (X). A quantum channel N from system
A to a system B is a completely positive and trace preserving
(CPTP) linear map from 7 (A) to 7 (B).

Coming back to Fig. 1, consider an isometry W : AQ E —
B ® F which defines a channel N : L(A ® E) — L(B),

whose action on the input state 0 on A ® FE is
NAE=B(5) = Trp WoWT. 3)

Then an effective channel NV, : L(A) — L(B) is estab-
lished between Alice and Bob once the initial state 7 on
E is set:

NGB (p) = NAE=E (p @ ). )

The complementary channel is
NA=E(p) = Trpg W(p@mWT, ©)

while the adjoint channel N B—=A4 acts on the bounded
operator b € B(B) such that

Te[NFP740) p] =Te [N 7 P(p)]  beB(A). (6)

It can be written in the explicit form
NEZAD) =Tep Wb @ 1p)W(@a®n),  (7)

using the isometry W and the state 7.

The consideration of the model of Fig. 1 is motivated also
by the fact that it can give insights for quantum multiple-access
channels whose characterization is usually quite challenging.
Indeed the channel (3) can equivalently be seen as quan-
tum multi-access channels (two-sender-one-receiver) [36].
Additionally, the channel (4) can be intended as an
environment-parametrized quantum channel and hence can be
used to describe quantum memory cells [8] and to characterize
quantum reading capacity [22].

Since we will deal with infinite dimensional systems, we
have to specify a couple of other things.

First, we will use natural logarithm In in entropic quantities,
as is customary in settings of continuous alphabets, resulting
in the entropies be counted in units of nats. For a density
operator «, the von Neumann entropy is defined as [38]

S(a) :=—Tralno. (8)

For two density operators « and 3 such that supp(a) C
supp(f), the quantum relative entropy of « with respect to 3
is defined as

D(o|f) := Tra(lna — 1In 5); )

otherwise, D(«/||3) := oo.

Second, we have to introduce a Hamiltonian operator to
constrain the states of a system in order to avoid unphysical
results.

A Hamiltonian H 4 is a densely defined self-adjoint operator
on the Hilbert space of a quantum system A, that is bounded
from below. One way of defining such an operator is to let
{le;)} be an orthonormal basis for the Hilbert space under
consideration (e.g. Fock basis), and {aj}, a sequence of real
numbers bounded from below. Then,

Haly) = ajles){e;le), (10)
j=1

defines H,4 on the dense subspace 7 =
{|¢> D OERHICHIDIEES +oo}, with {a;} the eigenvalues
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corresponding to the eigenvectors {|e;)}. All Hamiltonians
with discrete spectrum arise in this way.
For an arbitrary state p, the expectation of H 4 is given by

00
TI‘pHA = Zaj<ej|p|ej>.

Jj=1

(1)

The n-th extension H 4~ of the energy observable H 4 to the
system A" = A®" is defined in an i.i.d. fashion as follows:

Hjyn =Hs;1®---®1
+1®0HA®---®1

+...4+1®---1® Ha. (12)

A. Gaussian States

We recall here some basic facts about Gaussian states
that are at the core of our treatment, which also serves the
purpose of fixing the notations used in following sections.

The canonical observables # = (¢y, p1, . .., qn,Ppn) | describe
a Bosonic system of N harmonic modes in a Hilbert space
X = ®£[=1 X}. On such a system, we consider by default a
quadratic Hamiltonian, whose most general form is

Hyx = ixQxy, (13)
where Qx is positive symmetric matrix, assumed for the
sake of simplicity to have a unique N-fold degenerate
eigenvalue w¥X. Hence in normal form, Hy = w< E;VZI
(@7 +93)/2.

Hereafter we denote vectors (resp. matrices) by lower (resp.
upper) case bold symbols. The Heisenberg canonical commu-
tation relations satisfied by the canonical observables can be
compactly represented as

[75,76] =156, Vi,ke{l,...,2N}, (14)
with
N
0 1
z._gl;(_l 0), 1)
and 7ok—1 = g, T2, = pPr. For any density operator p

acting on X, the vector mean (or first moment) is the vector
d € R?N | whose components are given by

dy, := Tr pi,. (16)

The 2N x 2N covariance matrix (CM) V' is given by

‘/}‘k = TI‘p{(’IQj — d])(fk — dk) + (fk - dk)(fj - dj)}a
A7)

which is real, symmetric and positive definite. Furthermore,
for the CM to correspond to a bona fide quantum state it
has to satisfy the following Heisenberg-Robertson uncertainty
relation

V +iX >0. (18)

Conversely, if the uncertainty relation is satisfied, there
exists a quantum state with CM V, in fact a Gaussian

state p, that is uniquely defined by its associated Gaussian
characteristic function

X, (¢) = exp <—z‘(2d>T< - icTzvzﬂ), (19)

where ¢ € R2N | Recall that the (zero-ordered) characteristic
function is defined as

Xp(€) = Tr(pWe), (20)
with the Weyl displacement operator given by
W = exp (—ﬁfzg) : Q1)

Thus, Gaussian states are completely characterized by
dand V.

The von Neumann entropy (8) of an N-mode Gaussian
state p can be evaluated through its covariance matrix as

N

S(p) =8(V) = g(w),

i=1

(22)

where v1,...,vyN are the symplectic eigenvalues of V. Note
that for Gaussian states, the entropy is a function entirely of
the CM, and so we slightly abuse notation writing S(V'). Here
the function g is defined by

o (e (o 1) (o= (e 2),
(23)

and as such g(z) is an increasing and concave function.

B. Gaussian Unitaries

Since we shall consider Gaussian unitaries in place of W
in Fig. 1, let us recall basic notions about them.

Consider N Bosonic modes. A Gaussian unitary on them
exp(—iH) with H as in Eq. (13), can be simply described by
an affine map

(S,¢):7— ST+, (24)

where ¢ € R? ¥ and S € Sp(2N,R) because the transfor-
mation must preserve the commutation relations (14). Clearly
the eigenvalues r of the quadrature operators 7 must follow
the same rule, i.e.,

(S,¢):r— Sr+¢. (25)

Thus, a Gaussian unitary is equivalent to an affine symplec-
tic map (S, ¢) acting on the phase space, and can be denoted
by Us ¢. In particular, we can write

Us¢=WeUsg, (26)

where the canonical unitary Ug corresponds to a linear
symplectic map » — S, and the Weyl operator W¢ to a
phase-space translation » — r + (.

In terms of the statistical moments, d and V', the action of
U s ¢ is characterized by the following transformations

d—Sd+¢, V—SVST, (27)
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Therefore, the action of a Gaussian unitary Ug ¢ over
a Gaussian state p(d, V') will be completely described by
Eq. (27).

Note that the above arguments also apply if we replace
the vector of quadrature operators 7 by the vector of ladder
operators (also known as annihilation and creation operators)

U = (dlad]ia e 7dn7&j,,)—r, where
~ qu +’Lﬁ]
@ = : (28)
J \/ﬁ

In such a case however, it will be S € Sp(2N,C).
Let us now AfoAcus on two-mode Gaussian unitaries. Consider
v = (a,af,b, be)—r with
qAa + iﬁa (jb + iﬁb

v2 V2 o

Then, the canonical unitary of Eq. (26), named here U .,
satisfies

b= (29)

&:

UpoU!, =80, (30)
with S € Sp(4,C). Define
q:=|Su|* — [S12/?, (31

where S7; and Spo are matrix elements of S. In [4, App. A,
it is shown that for ¢ > 0, ¢ # 1

Uu = (Sa ® Sy)ULY (L @ S}), (32)

where S,, S, and Sj denote (generally different) one-mode
squeezing transformations. For ¢ € (0, 1), Ufl%) is character-
ized by the symplectic matrix

s =
Va 0 —/1—q 0
0 Va 0 —/1—q (33)
vV1i—gq 0 Va 0 ’
0 1—¢q 0 V4
while for ¢ > 1, by
s =
V4 0 0 —v/q—1
0 Va —q—1 0 (34)
0 —vqg—1 Va 0
—vq—1 0 0 Va

The case ¢ < 0 can be traced back to the case ¢ > 0 by
the following argument. Consider the transformation SWAP
swapping (exchanging) the two modes, defined by

SWAP,;, = SWAP! |
SWAP,;, a SWAP!, = b,

SWAP,;, bSWAP!, = a. (35)
Therefore, one gets the following relation:
SWAP,,U,,oU!,SWAP,, = S - 0, (36)

where S is a 4 x4 matrix obtained by shifting by 2 the columns
of the symplectic matrix .S describing the unitary U .. In other
words,

Sij = Sije2, (37)

where @ denotes the sum modulo 4. This, in turn, causes a
parameter change ¢ — 1 — ¢ > 1 so that (32) has to be
rewritten like

SWAP,Uu = (Se @ Sy) UL P (1, ©8}),  (38)

where U&;q) will be characterized by a symplectic matrix
ngq) of the same form of (34) (with the substitution

q — 1 — q). Consequently, for g < 0,

Uap = SWAP,,(S, @ S)UL (I, © 8;).  (39)

C. Gaussian Quantum Channels

Here, in the perspective of dealing with channels (3), (4), (5)
that would be mostly Gaussian, we recall the definition of
this latter kind of quantum channels. Moreover we present
Lemma 1 showing how separate energy constraints on systems
A and F reflect onto system B of Fig. 1.

A Bosonic Gaussian channel (BGC) N4~ is a linear
completely positive and trace preserving map defined on 7 (A)
and taking values in 7 (B), that maps every Gaussian state to
a Gaussian state. As Gaussian states span all states and are
completely characterized by their first and second moments,
the BGC N4~ can be completely characterized by the rule
of transformations on the vector mean and the covariance
matrix. On the level of vector mean and covariance matrices,
the action of N4~ is as follows:

da— dp = Xda +dp,

Vi~ Ve=XV4X"+Y, (40)

where X and Y are real matrices with Y =Y | and Y > 0.
For this transformation to represent a quantum channel,
we must have

Y +iX>iXEX . (41)

In particular, when Y = 0, the channel A"~ represents
a unitary evolution of the system and from Eq. (18), it follows
that X is a symplectic matrix. Thus, the action of a Gaussian
unitary UA~F on the state p? with N4 modes can be
described by a symplectic matrix of size 2N4 X 2N4 as
follows:

PP =UprUT > Vg =8V,8T. (42)

It is furthermore well-known that a quantum channel can
be seen as part of a unitary evolution on a larger system
whose ancillary parts are not under our control. Actually, every
BGC acting on Ny modes can be represented by a unitary
operation UA¥—~BF on the system and a minimal environment
of Ng modes, where Ng < 2N 4. This unitary interaction,
extending the argument of Subsection II-B) to multimodes,
can be described by a symplectic matrix S, written in block

form as follows:
g M N
~\O0 P)

When the input state in the environmentis V g, the effective
channel N7 *# can be described as

(43)

Vi—Vg=MVM'+ NVgN'. (44)
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In turn, the complementary channel N} ~" acts on the
CM as

Vi—Vr=0V,0" + PVyP". (45)

Lemma 1: Let NAP—5B be a Gaussian channel from system
AFE to system B with input Gaussian states subject to the
conditions TrpH4 < P4 and TrnHgp < Pg, for density
operators p and 7 on systems A and F, respectively. Then,
there exists a quadratic Hamiltonian Hp on system B such
that

TrN(p®n)Hp < 2Ps + 2P,

and

Tre PHE < 00, VB > 0. (46)

Furthermore, it holds

sup sup SWN(p®n)) <oco. (47)

n:Tr(nHeg)<Pp p:Tr(p(Ha))<Pa
Proof: Let us generically consider each system A, E, B
to be composed of N modes, and recall from Eq. (13), that

Hy =7 aQa7 ), (48)

as well as

Hp = i pQpip, (49)

to be quadratic Hamiltonians, where 24 and (2g are positive
matrices with eigenvalues w* and w?.

On the system A (resp. E), for a given state p (resp. 1)
with covariance matrix V', (resp. V') the constrained energy
is given by TrpH4 = TrQV , + dAﬂAd:g < Py, (resp.
TrpHg =TrQpV, +deQedy < Pg ). Let us define

Hp., = c(fo; — (' V,NTN)1p

T T
~d,NTNd] ]13), (50)
where ¢ is a positive real constant. We know that M, N,
Q4 and Qp are finite dimensional matrices. Therefore, it is
possible to choose constants ¢4 > 0 and cg > 0 such that
M'M < ca24 and N'N < cpQg. As a consequence,

TtV,N'N+d,N'"Nd,

<cpTrQpVy + cpd,Qpd,

=cpTrnHEg

< cgPg, (51)
hence

Hp., > c(iptp — cePplp). (52)

In other words, the eigenvalues of Hp , are bounded from
below. Therefore, we have

Trexp(—BHp.,) < Trexp(—fBeipt ) exp(Becy Pr)
< 0. (53)
On the other hand, we have
TYPN; (Hp,y) = Tr Ny(p)Hp,y
= cTr N, (p)ipty —cTtV,N' N

—cd,N"Nd, (54)

hence

Tr p./\/;]k (HBJ,)
=cTt(M'V,M+N"V,N)

.
+o(d,M" +d,N")(d,M" +d,N")
—c¢TtV,N'N - cd,N"Nd,

=cTtM'V,M

.
+ c(d,)MT + anT) (d,)MT + anT)
—cd,N"Nd, . (55)

From the triangle inequality, we have

T
(4,M7 +d,N")(d,M" +d,NT)
<2d,M"Md, +2d,N"Nd,. (56)
From the above inequality, one gets

Tr PN; (Hpn)

<cTrpiaM " M#) + 2cd,M " Md,
+2cd,N'Nd, — cd,N'Nd,

<cTrpiaM ' M) +2cd,M"Md)
+cd,N"Nd,

< ceaTrpPaQary + 2ccad,Qad)
+ cepd,Qpd,)

< Trp#aQai ) +2d,Qad) +d,Qpd,)

< TrpHa + d,Qad) +d,Qpd,

< 2Py + Pg, (57)

where c is selected such that cc, ccp < 1. Now, set
Hp := ciptp, (58)

which evidently is a positive self-adjoint operator independent
of 1 and p. It trivially satisfies

TrN(p@n)Hp = Tr Ny (p)Hp

= Tr pN; (Hp)
= TI‘pN,;; (HB—CCEPE]U
+ Tr pN; (ccp Pel), (59)
and thanks to Eq. (57), we have
TrN(p@n)Hp < TrpN; (Hp,,) + ccePr
< 2Pj+ Pg + ccpPg
< 2P4+ 2P, (60)
concluding the proof. [ ]

III. QUANTUM COMMUNICATION

In this section, we discuss the model of quantum commu-
nication with environment-assistance. We first focus on the
unconstrained quantum capacity, for which we refer to isome-
tries giving rise to BGC for each choice of Gaussian initial
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D
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Fig. 2. Schematic of the protocol for transmitting quantum information
with passive assistance from the environment; £ and D are the encoding and
decoding maps respectively.

environment state, and then move on to energy-constrained
quantum capacities.

Referring to Fig. 2, given a Gaussian isometry W : AE —
BF, to send quantum information down the channel \,,(p) =
Trr W(p ® n)WT from Alice to Bob, we need an encoding
CPTP map & : T(Ap) — T(A™) and a decoding CPTP map
D : T(B") — T(By), where the number of qubits of A is
equal to that of By. The output, upon inputting a maximally
entangled state @40 with R being an inaccessible reference
system, reads o0 = D(N®" (£(@FA0) @ nE")).

Definition 2: A passive environment-assisted quantum code
of block length n is given by a triple (£40=4" pP",
DB"=Bo) of an encoding map, a helper state and a decoding
map. Its fidelity is given by Tr 7405780 and its rate by the
number of qubits of Ay divided by n.

A rate R is called achievable if there are codes for all block
lengths n with fidelity converging to 1 and rate converging
to R. The passive environment-assisted quantum capacity of
W, denoted by Qg (W), is the supremum of all achievable
rates.

If the helper is restricted to fully separable states 77
convex combinations of tensor products ¥ = n¥ ®. ®
n®", the supremum of all achievable rates is called sepamble
passive environment-assisted quantum capacity and denoted
by Qe (W).

If in addition the helper is restricted to Gaussian states,
we get the Gaussian separable passive environment-assisted
quantum capacity, which we denote Q¢ g (W).

Theorem 3: For a Gaussian isometry W : AE — BF,
the passive environment-assisted quantum capacity is given by

Qu(W )—supma§< Q(N(,,)

1
=sup max —I( ./\/'Q?ff))

(61)
n pm i n

where the maximization is over states p(™ on A™ and states
n™ on E™.

Similarly, the capacity with separable helper is given by the
same formula,

Que(W) =sup max - LQWN - © Ny)
_ - (n). )
—sw e SL(AVN) @

but now varying only over product states (™) = 1, ®...®@mn,.
Consequently,

1
lim —Qpe(W").

Qu(W) = lim — (63)

Proof: It is known that the coherent information for
nontrivial Gaussian channels without constrained energy is
finite [3]. However, relations (61) and (62) without energy
constraint may be infinite. To guarantee their finiteness, one
has to exploit energy constraints together with subadditivity
and concavity of von Neumann entropy.

The direct part, i.e. the “>" inequality, follows from the
Lloyd-Shor-Devetak theorem applied to the channel (N) ()
(to be precise, to many copies of this block channel, so that
the i.i.d. theorems apply, cf. [31]).

For the converse part, i.e. “<”, the proof is like [16],
which is based on the argument of [1], [25], [26]. More
specifically, given a code of block length n, whatever is the
environment state 7(™), the upper bound on (61) is found
by applying the Fannes inequality and the convexity of the
coherent information. [ ]

A. Universal (Anti-)Degradability Properties

One of the main problems in quantum information theory
is to express the quantum capacity by a single-letter for-
mula. This can be done when the channel possesses the
(anti-)degradability property, which guarantees the additivity
of the coherent information [7]. Here we want to understand,
for a given two-mode Gaussian unitary, whether or not this
property can hold true irrespective of the environment state.

Recall that degradability of N;/-=7 is defined by the exis-
tence of a CPTP map I'B—F such that

NA*)F

B—F A—B
fie r o, :

(64)
Analogously, anti-degradability is defined by the existence
of a map I'*~F such that

DP=B o JA-F = NAZE, (65)
Remark 4: By looking at the discussion in Subsection II-B,
we can see that any two-mode unitary U(? with ¢ > 1 /2
is degradable with respect to all Gaussian environment pure
states; we say that the unitary is Gaussian universally
degradable.
This comes from the fact that for the Gaussian quantum

channel N, A*qB we can find the required channel I'?—F in

Eq. (64) as NFH Bt because

N{/A;é? NBHQ{; 1 ONé;qB (66)
Remark 5: By looking at the discussion in Subsection II-B,
we can see that any two-mode unitary U9 with 0 < ¢ < 1 /2
is anti-degradable with respect to all Gaussian environment
pure states; we say that the unitary is Gaussian universally
anti-degradable.
This comes from the fact that for the Gaussian quantum

channel N{}_"Z we can find the required channel T'#~# in
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Eq. (65) as ﬁg;]iﬁ, because
=

Nz =Ny iz o NV (67)
Definition 6: A two-mode Gaussian unitary U is said to be
universally degradable (resp. universally anti-degradable) if
Eq. (64) (resp. (65)) holds true for all environment states ng.
Theorem 7: Any two-mode Gaussian unitary U(9) is neither
universally degradable, nor universally anti-degradable, unless
q=1.

The proof of this theorem, which we give in Appendix A,
is obtained by assuming the existence of a quantum channel I"
satisfying the degradability condition (64) and then showing
that this leads to a contradiction. In particular, for ¢ < 1/2 the
claim follows from the fact that the channel is Gaussian uni-
versally anti-degradable, but has positive coherent information,
and hence cannot be anti-degradable, for some non-Gaussian
environment states [19].

Corollary 8: The two-mode Gaussian unitary U9 : AF —
BF with ¢ > 1/2 is Gaussian universally degradable, and
hence its Gaussian separable passive environment-assisted
quantum capacity is given by the single-letter formula

Qcre(U'W) = maxsup L.(pa; Ny), (68)
e pe

where the optimization can be restricted to Gaussian input
states pg (cf. [12, Thm. 12.38]). Note that, for each fixed
na, finding a local maximum of I, corresponds to finding the
global one, thanks to the concavity of coherent information.

For ¢ < 1/2, the two-mode Gaussian unitary U (a)
AE — BF is Gaussian universally anti-degradable, and hence
its Gaussian separable passive environment-assisted quantum
capacity vanishes, Qe (U@) = 0. [ |

Armed with this corollary, we can now proceed to calculate
the Gaussian separable passive environment-assisted quantum
capacity of the two-mode unitaries U/(9). Note that for each
Gaussian environment state 7¢, the resulting channel N
is an OMG, a one-mode Gaussian channel. Their complete
classification is given in [13]. In particular, when 1 = [0)(0| is
the vacuum state, /(9 gives rise to an attenuator channel for
q < 1, and an amplifier channel for ¢ > 1; for ¢ = 1, Ngyq
is the identity.

For an OMG channel described by Eq. (40), the parameters
that characterize it are

z:=Vdet X, y:=detY. (69)

Furthermore, we define another parameter dependent on
these two, K := £ (y — |1 — z|).

For OMG channels, whenever the coherent information is
non-zero, the supremum over all Gaussian input states is
achieved for infinite input power, P4 — oo. It is known
from [3] that the optimised coherent information (over all
Gaussian input states) is given by

K K

sup I.(pg;N) = ——In———
B e T

_K+|1—x|an+|1—x|

1 — x| [1— x|
x
+In—2 (70)
1 —al

For 0 < q < 1, U@ with the symplectic matrix (33)
describes a beam splitter with transmissivity ¢ and is denoted
hereafter by B(q). Considering 1/2 < ¢ < 1, then from
Corollary 8 we have

Qcus(B(q)) = maxsup I.(V a; B(q)),

71
s (71

where the maximization over environment states can be
restricted to pure one-mode states given by the covariance
matrix

_ {cosh(2s)(1 + cos9)
Vi = ( sin f sinh(2s)

sin 0 sinh(2s)
cosh(2s)(1 — cos 9)) » (72)

with s € Rand 0 € [0, 27). Egs. (33) and (69) yield x = ¢ and
y = 1 — ¢ for all one-mode squeezed input environment V g.
Invoking Eq. (70), we get

q

Qore(B(q)) =In — .

(73)

For ¢ > 1, U@ is a two-mode squeezing transformation
with gain ¢, which has symplectic matrix (34) and is denoted
hereafter by A(q). Then from Corollary 8 we have

Qcre(Alg) = H‘},aXSUPIc(VAQ A(q)),
E VA

(74)

where the maximization over environment states can again
be restricted to states of the form (72). Egs. (34) and (69)
yield x = q and y = q¢ — 1 for all one-mode squeezed input
environment V . Invoking (70), we get

Qcne(Alg) =hn (75)

q—1
Both for ¢ > 1 and ¢ < 1, the formulas recover the infinite
capacity of the identity channel in the limit ¢ — 1.

B. Energy-Constrained Passive Environment-Assisted
Quantum Capacities

We now move on to energy-constrained quantum capacities.
Suppose that P4 (resp. Pg) is the maximum allowed average
energy per mode on A system (resp. E system). Then we
modify the Definition 2 as follows.

Definition 9: An energy constrained passive environment-
assisted quantum code of block length n is a triple
(EAo=A" B DB"=B0) such that, Tr[Trg €(®F40) ]| H an
<nP, and Trn(")HEn < nPg.

Its fidelity is given by Tr ®%40sRBo and its rate by the
number of modes of Ag over n.

A rate R is called achievable if there are codes for all block
lengths n with fidelity converging to 1 and rate converging
to R. The energy constrained passive environment-assisted
quantum capacity of W, denoted by Qg (W; Pa; Pg) is the
supremum of all achievable rates.

If the helper is restricted to fully separable states 7",
i.e. convex combinations of tensor products " = nEl ®
...®n"", the supremum of all achievable rates is denoted by
Que(W; Pa; Pr).
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Theorem 10: For a Gaussian isometry W : AE — BF,
the energy-constrained passive environment-assisted quantum
capacity is given by

Qu (W' Pa; Pi) = supsup Q(N;,%:z,nPA)

nopm N

= sup sup max — I ( (");./\/:Iz?f)), (76)

n pn) pm N

where the maximization is over states p(™ on A" with
Tr p(") H 4n < nP, and states (") on E™ with Trn(") Hgn <
TZPE.

The capacity with separable helper is given by the
same formula, but now varying only over product states
n™ =n ®...®mn, and respecting the energy constraints
Trp™Hyn < nPy and i Trn;Hp, < nPp. Conse-

quently, Qg (W; Pa; Pg) = lim —Qug(W; nPA,nPE)
Proof: Considering the Hamllnoman operator H gnpn =

Hpn @ 1gn + 1 gn ® Hgn on the system A™E™, we have
Tr p™ @ n™ Hanpr < nPa + nPp, (77)

where p(™) @ (™) is an arbitrary allowed input state to the
system A™E™. Using the fact that

Trexp(—FBHan), Trexp(—FSHgn) < oo for all 5 > 0,

(78)
we get
Trexp(—SHangn)
= (Trexp(—BHar)) (Trexp(—BHpn))
< o0. (79)

Thus, according to [12], the set C = {p™ @ n(™
Trp(™ @ ™ H gnpn < nPs + nPg} is compact.
Using [28, Cor. 14] and the fact that

sup SN (p" @ ™)) < oo, (80)

pm@nmec
coming from Lemma 1, we see that the coherent information
( (n). N (n)), for any fixed 7](”), is continuous and hence
it takes its maximum on the set {p™ | Tr p(™ H4n < nPa}.
By applying (80), we then have

—00 < —SNT (p™))

<1, (p(" NW)

< SN (™))

< +00. (81)
Therefore, the quantity Qg (W; Pa; Pg) is finite. [ ]

Remark 11: If n™ is pure, we have I, (p( N?,ﬂ) =
I, (p(”) ® n(");N®") and the latter is continuous with maxi-
mum on C. Consequently, the sup, ) in Theorem 10 can be
turned into max, (n) .

Let us evaluate the energy-constrained environment-assisted
quantum capacities for unitaries that are universally degradable
with respect to Gaussian environment states. To do so, recall

A
B
N
E
A B
N N
— &[] D
A B
N
| E
n
Fig. 3. Schematic of the protocol for transmit classical information with

passive assistance from the environment; £ and D are the encoding and
decoding maps respectively.

[33, Thms. 13 and 14] that for a degradable channel 45,
the energy-constrained quantum capacity is given by

QW Pa) = sup S(N(p) = S(N(p), (5

p:TrpHA<Pa

where the supremum is achieved by the Gibbs state v4(Pa).
In particular for degradable channels A,

= e 2 S (P)) = S(Ki(0a(P)

(83)

S.t. ZPZ- =nPa,

an optimization that can be performed by Lagrange multipliers
in the cases of interest.

For unitaries that are universally degradable with respect to
Gaussian environment states, the energy-constrained Gaussian
separable environment-assisted capacity is bounded below by

Qcue(U, Pa, Pp) >
nG Trnfliaﬁlﬁ <Pg S(TrF UnG (PYA (PA)))

= S(Trp Upg (va(Pa)))-

With this we can find lower bounds for beam splitter
and amplifier unitaries, and additionally also find their upper
bounds when letting P4 — oo. For example, the upper
bounds for single mode beam splitter and amplifier channels
are provided by (73) and (75), respectively.

(84)

IV. CLASSICAL COMMUNICATION

In this section, we consider classical communication in
the passive environment-assisted model. After deriving the
classical capacity, we put forward an uncertainty relation for
it, that arises when exchanging the roles of active and passive
users. Finally we will briefly discuss conferencing encoders.

Referring to Fig. 3, suppose Alice selects some classical
message m from the set of messages {1,2,...,|M|} to
communicate to Bob. An encoding CPTP map £ : M —
T(A™) can be realized by preparing states {«,,} to be input
across A™ of n instances of the channel. Here M is a Hilbert
space with orthonormal basis {|m)}. A decoding CPTP map
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D : T(B"™) — M can be realized by a positive operator-
valued measure (POVM) {A,,}. The probability of error for
a particular message m, i.e. of decoding m # m, is

Pm)=1— Tr[AmJ\/@" (a:,‘;” ® nE)} (85)

Definition 12: A passive environment-assisted classical
code of block length n is a family of triples {aZ", 7", A, }
with the error probability P, := ‘—1\1/” > m Pe(m) and the
rate %1n|M |. A rate R is achievable if there is a sequence
of codes over their block length n with P, converging to
0 and rate converging to R. The passive environment-assisted
classical capacity of W, denoted by Cy (W), is the maximum
achievable rate.

If the helper is restricted to fully separable states n®",
i.e., convex combinations of tensor products 7" = 1 @
...®nF", the largest achievable rate is denoted by Cg (W).

Since the error probability is linear in the environment state,
without loss of generality the latter may be assumed to be pure,
for both unrestricted and separable helper.

Theorem 13: For a Gaussian isometry W : AE — BF,
the energy-constrained passive environment-assisted classical
capacity is given by

1
Cy (W, Ps, Pg) = sup max EC(NQ?,?) , nPA), (86)

n 0 n

where the maximization is over environment input states 7(™)
respecting energy constraint Tr (™) Hgn < nPg.

Similarly, the capacity with separable helper is given by the
same formula,

Crue(W, Pa, Pg) =

1
sup max —C(N,), @...QN,,,nPya),

(87)
n nM=m®..Qn, 1

where the maximum is only over product states, i.e.
n™ = n ® ... ® n, respecting the energy constraint
Tr n(”)HEn < nPg.
As a consequence of the theorem, we have Cp (W, Py,
PE) = hmn—»oo %CH(@(W, ’I’LPA,TZPE).
Proof: Consider the Hamiltonian operator Hyp = Hy ®
1+ 1 ® Hg on the system AFE together with

Hprgn = Hpp® - Q1 +1Q@HAp®---®1

+ ... +1® - -® Hag. (88)

For a given density matrix (™ =17, ® - -- ® 1,,, we have

sup SN (™)

p():Tr p() H yn <nPy ( n(n) ( ))

< sup S (N®" (p(") ® 77(”))) (89)
p(n):Tr p(n) H yn <nPa

< sup > SN (pi @) (90)
p(m):Tr p(7) H yn <nPa i=1

n
<> sup SW(pi@m)). ©n

i—1 piiTrpiHa<Pa

In getting the above sequence of inequalities we exploited
the subadditivity of the von Neumann entropy by introducing
pi as submarginal of p(™), for i = 1...n. Next, we have

sup sup S (Nf()") (p(”)))
n():Tr(n(") Hgn ) <nPg p(m):Tr(p(") Hsn )<nPa
<n?  sup sup SN (pan)). (92)

n:TrnHp<Pg p'Tr pHA<Pa

By Lemma 1 the quantity (92) is finite and so is the Lh.s.
of (89).

Let us consider p = [ pyp,dz as the average input on a
single channel use. Clearly we have

TrpHA < [ Tep.Hapsds < Pa. 93)

Replacing p by N;(p) and using Lemma 1, the Holevo

X-quantity

(Do Ny (pa)}) = SN () - / SN, (p2))pade, (94)

results finite. Then by means of (92), it is clear that

C (N nPa) = sup x({pen N (650) 1), 99)

2" s Pyurd

is finite as well and so Cp is correctly defined. Now, the
proof of the direct parts, i.e. “>", follows immediately from
the Holevo-Schumacher-Westmoreland theorem [14], [27].

For the converse parts, i.e. “<”, the proof goes like
[17, Thm. 1]. ]

For unitaries of most interest, like beam-splitter and ampli-
fier, we can give a lower bound on the classical capacity with
separable helper. Let us encode classical stochastic variable
m, distributed according to a probability density F,,, into the
quantum states p:>. The modulation due to encoding is given
by V od and VaAa=Va+Vioa gives the average input state
after encoding. We assume that the distribution of the classical
messages is a Gaussian distribution with zero mean whose
covariance matrix is given by V' ,,,,4. The average energy of the
input states in terms of the CM is given by P4 = % — %,
and likewise Pr = TTJE — % for the environment. Then, for
beam splitter and amplifier we get the following form for the
environment-assisted capacities when the helper is restricted
to separable states in the environment,

Chue(U,Pa, Pg) >

-1
max {g(|a:|PA + y cosh(2s) + %)
S

x| —1
—g(y+| |2 >§PA2Pth}7

where we used the notations z and y from Eq. (69) with
x # 0, 1. Furthermore, cosh(2s) < 2Pg+1 and Py, = e2lsl
%}W — 1. For a general one-mode environment state we
can find a symplectic orthogonal transformation, that makes
V i diagonal (this symplectic orthogonal transformation is
a rotation, thus the effective state is a squeezed one-mode

state), which does not affect the energy constraints on the

(96)
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input environment. Now using [23, Thm. 1], we have V 4
and V,,,q4 to be diagonal in the same basis as V . In fact
we can choose the seed state of the input to be Vg (in its
diagonal form). Then following the calculation in [24], we get
the claimed result.

A. Capacities Uncertainty Relation

For a given isometry W : AE — BF, the following quan-
tity corresponds to the product-state capacity with separable
helper

XH®(Wa PA7PE) =
X({pzd:ﬂ,/\/n(pm)}),

where on the rh.s we have the Holevo x quantity for the
effective channel VA~ 5 (p) := NAE=B (p@ 1) [see Eq. (4)]
upon inputting the ensemble {p,dz, p, }, and p = [ pyp,dz.

Now, besides this channel A — B, we can also define
another effective channel £ — B by fixing the state of A
and tracing over F, namely JT/';EHB(U) = NAE=B(p @ 1)
[see again Eq. (4)]. For the latter, the following quantity
corresponds to the product-state capacity with separable helper

Xaw(W, Py, Pg) =

max (Cn)
pn:TrpHA<Pa, TrnHg<Pg

pm:TrpHAgllDzZ},(TrnHESPEX<{pxdm’NP(nm)})' ©8)

Theorem 14: Let W : A® ' — B ® I’ be a Gaussian
unitary on N4+ Ng modes with associated symplectic matrix
of the following canonical form

1T 0 1-J " o0
0 J 0 —J
S=11 o 1 0 |
0 1—J 0 J
or
1 0 0o J -1
0 J —J 0
S = 0 J'-1 1 0 09
—JT 0 0 J'

where 1 and J are (N4 + Ng) X (Na + Ng) identity and
block-diagonal (in the real Jordan form) matrices respectively.
Assuming

L-J Ha-Jh<1, (100)

and Hamiltonians H4 and Hp for Alice and the helper as in
Eq. (13), with an average photon number per mode constrained
by P4 and Pg respectively, we have

Xae (W, Pa, Pgp) + Xug (W, Pa, Pgp) >
min{PA, PE}
2max{Pg, Pa} + 1
Remark 15: The condition (100) is weaker than the degrad-
ability condition for canonical forms (99) considered in
[5, Eq. 97]. More precisely, the latter is equivalent to the semi-
positivity of a block matrix
)
3 Y

=1
=T
=

(101)

(102)

[ [

—

while semi-positivity of block =; is enough for (100).
Thus, a Gaussian channel might be not degradable, while
satisfying (101).

Remark 16: Eq. (101) is a kind of uncertainty relation
for xgg and yag, reminiscent of the entropic uncertainty
relations for complementary observables (see e.g. [32]), saying
that both cannot be arbitrarily small simultaneously.

Proof: Since the involved capacities refer to product states
with separable helper, we can consider single systems A,
consisting of N4 modes, and FE, consisting of Ng modes.

From the relation (44), the covariance matrix of input state
for system A changes to the following

Vi V=MV, M + NVyN'. (103)

Instead, considering as input the system E and as helper A,
the corresponding output is obtained by exchanging A and E
in the above expression, namely

Ve—Ve=MVygM' + NV,N". (104)

As input ensembles, we consider coherent states subject
to Gaussian distributions with zero mean, whose covariance
matrix are given by V 4 04 and V g 04 for Alice and the
helper, respectively. The action of encoding is described as
follows:

Va=Va+Vamod,

VE = VE + VE,m,Od- (105)

The respective average output states are then given by
Va—Vg=MV,M'"+ NVgN", (106)
Ve Vp=MVpM' + NV,N'. (107)

Coherent input states on the systems A and F means V 4 =
Vie= %I. Then, using Eqgs. (103) and (106), we can find

XHe > S(M(%I + VA,mod) M'+ %NNT>
—S(%MMT + %NNT) (108)
and analogously using Egs. (104) and (107), we can find
XA® > S<N<%I + VE,mod> N+ %MMT)
—S<%MMT + %NNT). (109)

Choosing V' 4 moa = Pal for the channel N and
V &.mod = PgI for the channel NV, we get

XH® = S<<PA + %)MMT + %NNT)

1 1
—S<§MMT + iNNT>, (110)
and
XAg > S PE+§ NN +§MM
~S(gMM"+ NNT ). (111)
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Now define the functions
1
f(t) == str(tMMT + iNNT),
and

h(t) := str(%MMT + tNNT)

wa(3)

where str denotes the symplectic trace, i.e. str(A) =
> vi(A), with v;(A) the symplectic eigenvalues of A.
Notice that these functions are strictly increasing with respect
to the parameter ¢, and so they are invertible functions.

By the Cauchy-Lagrange mean value theorem, for the
function g(z), we know there exists a ¢ € (a,b) such
that

(112)

(113)

Thus, by choosing t, = f~(b), t, = f~'(a) and ¢; =
fYe), we get

9(f(te)) = g(f(ta)) = g'(f(c))(f(ts) = f(ta)).  (114)
Consequently we can write
(=)
GG o
it () - /() e
. 0aed) 1) )

From Egs. (115) to (116) we used the elementary relation
zln it% > 1, valid for x > % From Egs. (116) to (118)
we used the property str(A) > str(B), valid for symplectic
matrices A and B such that A > B [2]. Analogously,
by choosing in Eq. (113), t, = h=%(b), t, = h~'(a) and
c2 = h=1(c), we get

g(h(ty)) — g(h(ta)) = g'(h(c2))(h(ty) — h(ta)).  (119)
As a consequence, we can write
1 1
g(h(PE + 5)) -9 h(§>> >
L h(Petd) —h(d)
Petd  h(d) (120

Assuming for the moment P4 < Pg, and taking into
account that f and h are increasing functions, together with
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the fact that f(%) =
and (120)

o(1(rae5)) =501 (3)) # ol (e 3))
()

L J(Pat3) +h(Pet3) —2f(5)
Pp+ 5 1(3)

P, str(MMT) + str(NNT)

h(%), we obtain from Egs. (118)

(121)

Pp+3 str(MMT n NNT)

By means of Eq. (121) we immediately arrive at

P, str(MMT) + str(NNT)
Yo T X402 BT sie(MM™+NNT)
(122)
Now, using the assumption (100), we have
str(MMT n NNT) < 25tr<MMT). (123)

Finally, replacing this in (122), we arrive at

Py str(MMT) + str(NNT)

XHo T XAg =

Pp+3 ZStr(MMT)
Py
> 1A 124
~ 2Pg+1 ( )
[ |

Remark 17: Relaxing the requirement (100), we may have
the following:
o Relation (101) still holds if M and IN have diagonal
form such that

str(MMT) + str(NNT) =

str (MMT T MMT). (125)

« Relation (101) still holds if MM'T < NNT or
MM'">NN'.

o A bound tighter than Eq. (101) exists if Ny = Ng =1
(see Appendix B).

In conclusion, unless one of the two energy constraints Py
and Pg is zero, the sum of the classical capacities with helper
is always strictly greater than zero. On the other hand, if one
of P4 or Pgp is zero, the identity or the SWAP unitary show
that it can happen that both capacities are zero.

B. Conferencing Encoders

Here we consider conferencing encoders, that is a situation
where Alice and the helper can freely communicate classical
messages, to prepare signal states for the transmission of a
common message (see Fig. 4). The classical capacity with
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\,W%

Fig. 4. Diagrammatic view of the parties involved in the communication
with conferencing encoders. Differently from Fig. 1, here the party controlling
the environment input system F and the sender A can freely communicate
classically.

Db

Fig. 5. Schematic of the protocol for transmitting classical information with
conferencing encoders; £ 4 and gy are the encoding maps of Alice and helper
respectively. The decoding map is D.

conferencing encoders is then defined in such a way that the
encoders (Alice and the helper) are restricted to use product
states between A and E.

By referring to Fig. 5, an encoding CPTP map £ : M —
T(A") ® T(E™) can be thought of as two local encoding
maps performed by Alice and Helen, respectively, and given
by €4 : M — T(A") and €y : M — T(E™). These can
be realized by preparing pure product states {|,) ® |7m)}
to be input across A™ and E™ of n instances of the channel.
A decoding CPTP map D : 7(B™) — M can be realized
by a POVM {A,,}. The probability of error for a particular
message m is

Pm)=1-Tr (Am/\/ ®n (aﬁ" ® nﬁ)) (126)

Definition 18: A classical code for conferencing encoders
of block length 7 is a family of triples {|a,, )", [ )E", A}
with the error probability P = 7>, Pe(m) and rate
LIn|M|. A rate R is achievable if there is a sequence of
codes over their block length n with P, converging to 0 and
rate converging to R. The classical capacity with conferenc-
ing encoders of W, denoted by Cgm(W) is the maximum
achievable rate. If the sender and helper are restricted to
fully separable states 04;4,:' and nfln, i.e., convex combinations
of tensor products a" = od © ... ® a? and pE" =
771E,,1L ® ... ®nE" for all m, the largest achievable rate is
denoted by Cz ®(W) and is henceforth referred to as classical
capacity with product conferencing encoders.

Theorem 19: For a Gaussian isometry W : AE — BF, sat-
isfying the condition the classical capacity with conferencing

encoders is given by

Cg(W. Pa, Pp)
1 A g
= sup max - ({p ), N® (a2, @ nk. }),
n {p(gc")vaf:@?ﬁf:}nx ( ) ( * 7755 )
(127)
where the maximization is over ensembles respecting
energy constraints >, p(z") Tr(aZ, Han) < nPs and

S n (@) Te(nE Hpn) < nPg.
Similarly, the product state capacity of conferencing
encoders is given by the formula,

Cagy(W, Pa, Pg) =

max z), N(a? @ nP)}), 128
{p(xmf@nf}x({p( ), Nag @m;)}) (128)

where the maximization is over ensembles respecting
energy constraints >, p(z) Tr(afHs) < P4 and

>, p(x) Tr(n) Hg) < Pr.

Proof: The direct part, i.e. the “>" inequality, fol-
lows from the HSW Theorem [14], [27]. For the converse
part, i.e. the “<” inequality, the proof goes like that of
[17, Thm. 4]. |

A lower bound on the classical capacity with conferencing
encoders follows from the uncertainty relation of Theorem 14.
In fact from the definition of the conferencing encoder,
we obtain directly

Cﬂ® > maX{XH®(W)7XA®(W)}7 (129)
and thus
O, X5 V) + xas(V)
2
> 1 min{ P4, Pg} (130)

2 2max{Pg, Pa} + 1

In other words, the classical capacity with conferencing
encoders is always positive, provided the energy is non-zero
on both inputs.

Consider a symplectic transformation .S, given in the block
form Eq. (43). Consider seed states with covariance matrices
V 4 and Vi with zero vector mean. Suppose the classical
message is encoded by applying displacement operator to the
seed states. We assume that the distribution of the classical
messages is a Gaussian distribution with zero mean whose
covariance matrix is given by V,,,,4. The action of encoding
is described as follows:

VA = VA + Vmoda

VE = VE + Vm,od- (131)

The covariance matrices of the output state and the output
averaged state are labelled V5 and Vg respectively and
given by

V=MV, M' + NVyNT,
V=MV, M" + NVyN'. (132)

Let us evaluate the transmission of classical information by
conference encoders using the seed states V4 = Vg = I/2
and V00 = cI /2.
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Imposing the input energy constraint we have (assuming that
Alice and the helper are bounded by same energy) in terms
of covariance matrices:

TrVa 1

< Py+ -
om —TATS

Choosing ¢ = 2 P4 we get the Holevo function of this
ensemble to be
)

2”: 2Pa+ i —1\ (v —
() ol

where v; are the symplectic eigenvalues of M M THNNT.
As g is concave monotonic in the argument we have the above
quantity non-zero whenever P4 > 0. In particular, for the case
of beam-splitter, amplifier and conjugate amplifier, MM ™ +
NN =1 , we have the classical information transmission
for the above setting given by g(P4), which is the transmission
of ideal channel with mean photon number Py.

(133)

(134)

V. CONTINUITY OF CAPACITIES IN COMMUNICATION
ASSISTED BY HELPER

The quantum and classical capacities assisted by separable
helper that we defined and studied above also satisfy uniform
continuity.

Theorem 20: For input
limited Gaussian channels
if |[NAP=B _ MAE=B|| < 2¢, then

and
NAE—B

output
and

energy-
AE—B
MAETE

Cre (V) = Crip (M)] < WES(”B <%>)

+39<\/E+%) (135)
Que W) — Que(M)| < 28#5(73 <%>)
+39<\/E+%)’ (136)

where ¢ is given in Eq. (23) and vx (P) is the Gibbs state of
system X.

Proof: The proof immediately follows from [37, Thm. 9]
by noticing that

<2, VneFE (137)

the channels N;;‘HB, MﬁHB being restrictions of NAF—5,
MAE=B respectively. Furthermore, for any 1 € E, the energy
limitation for the output state, according to Eq. (46) of
Lemma 1, will be as follows

Tr Ny (p)Hp = TrNAP=F (p o n)Hp

< 2Py +2Pg = Pp, (138)

thus concluding the proof. [ ]
Remark 21: 1f we take d, = d,, = 0 in Lemma 1, then
we have Tan(p)HB < P4 + ccgPg. By choosing ¢ > 0
such that ccp < « together with Hg = cr Bf'g, the quantity
Pp = P4 + aPg plays the role of E=aFE + FEy in [37].

VI. CONCLUSION

We have created a model of communication via infinite-
dimensional channels defined by a bipartite unitary, when
assisted by a passive helper in the environment. In this model,
we have investigated quantum and classical capacities, proving
various general capacity theorems, the former without and
with energy constraints, the latter with energy constraints,
with respect to natural assumptions on the Hamiltonians
involved.

In particular, in Bosonic Gaussian systems, where the
Hamiltonian is that of several quantum harmonic oscilla-
tors and with a Gaussian unitary defining the interaction,
we showed that the capacity formulas lead to simple expres-
sions, when the helper is restricted to Gaussian states.
Furthermore, for the classical capacity we showed a tradeoff
(“uncertainty”) relation between the capacity of Alice assisted
by the helper, and that of the helper assisted by Alice in
terms of the respective input powers, and a lower bound on
the classical capacity with conferencing encoders Alice and
helper.

Practically all of our general capacity formulas are multi-
letter, and it remains to find bipartite unitaries for which any of
them is both non-trivial and explicitly computable, or at least
a single-letter formula. In that respect, although we proved
the impossibility of having a universally (anti-)degradable
Gaussian unitary, it remains open the possibility that for every
environment state 7 the effective channel N, has a well
defined degradability property (not the same for all 7). More
generally, we would like to know unitaries that are universally
degradable (not just for Gaussian helper inputs), for a single-
letter quantum capacity, and likewise unitaries resulting in
universally additive channels for the Holevo capacity. The
lower bound on conferencing encoders based on the capacity
uncertainty relation seems very weak, and it remains open to
prove better bounds.

Finally, it could be interesting to turn the role of helper
into that of an adversary and study how the quantum commu-
nication capabilities between Alice and Bob will be hampered
by this adversary and the energy constraint it applies. In this
sense, the presented model paves the way to investigate arbi-
trarily varying quantum channels also in infinite dimensional
spaces, a topic of particular relevance for the secrecy of
practical (in fiber and free space) quantum communication.

APPENDIX A
PROOF OF THEOREM 7

The proof is divided into two parts, one concerning the case
q < 1 and another the case ¢ > 1. In the former, for % <g<

% + \/?g’ we obtain a special convex combination of quantum
density matrices which has an image through I" with some
negative eigenvalues. Since the method for other cases within
the interval 1/2 < ¢ < 1 is similar, we just numerically show
the negativity of some eigenvalues for the images through I" of
special convex combinations of density matrices. In contrast,
the case ¢ > 1 is different, as a contradiction is achieved based
on the fact that the quantum relative entropy cannot increase
by quantum operations.
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A. Case q < 1

Proposition 22: The two-mode Gaussian unitaries U(%) for
7 <gq< % + % are neither universally degradable, nor
universally anti-degradable.

Proof: 1t is enough to prove that there exists a state ng
for which the channel N,‘;‘;B is anti-degradable. In view of
Remark 4, this state is necessarily non-Gaussian.

The U@ corresponding to (33) turns out to be

1

earecos Va (&TI;—&IA)T)
)

U@ = (139)

for ¢ € (0,1). Then, for the Fock state |n)|1), we have

o, [+
U@n)|1) = — \/mz ( )
(1-9)?¢"% (n+1)(1 = q) = O)n +1 - 0)]).
(140)
By selecting n=0,1, we get
@)oy[1) =
—ﬂl—(u—qu 0+ Val o)), aan
and
UOB) =~ (2~ 120
—V2/T—q(1 - 29)[1)[1)
—201 —q)\/§|0>|2>). (142)

Consider now the channel with environment in the Fock
state |1)(1], i.e.

Ny(p) = Trp (U (p @ (1o @").

Let us assume that there exists a channel I' such that

(143)

ToN(p) = N(p). (144)
Inputting p = |0)(0|, we find that
No(10)(0]) = ql0)(0] + (1 = g)[1)(1], (145)
and N
Ny (10){01) = g[1) (1] + (1 = ¢)|0)(0]. (146)

Therefore, according to (144), we should have

(10} (0]) + (1 = P (1) (1)) = g1){1] + (1 — 9)0)(0].
(147)
Analogously, inputting p = |1) (1], we get
Nol[1)(1) = =5 (491 = 0} 0
+2(1 - g)(1 - 2011
+4q(1 - 9%2)(2]), (148)
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and
N11) = 5= (1001 = )2
+2(1-g)(1 - 20°I1) 1
+4q(1 - q)10)0]).

Hence, according to (144), we should have

- (4901 = aPr(o)(0)
+2(1 - g)(1 — 20)°D(1){1)
+a(1 = 0T(22)) = 55 (a1 - P22

+2(1 - g)(1 - 29)? |1><1|+4q<1—q)2|0><0|).
Now, from (147), we derive
D(1)(1) = I+ [0)0] = LT (10) 0],
which, inserted into (150), yields

(1= 2¢*)T(10)(0]) + 2q(1 — ¢)°T([2)(2]) =
2q(1 — q)%12) (2] + (1 — 2¢)*11)(1]
+ (1= q)(=1+ 6q — 6¢%)[0)(0].

Isolating the term I'(]2)(2|) at Lh.s., we arrive at

P(2)(2]) = — L1 (jo)(0]) + [2) 2

2(1—q)?
(1-2¢q)° —1+6qg —6¢°
2¢(1—q)

+ o)+
2=

At this point, taking a convex combination of I'(|1)(1|) and
I'(]2)(2]) must give a positive operator, given that I" is a CPTP
map. Consider then

——Irquy) +

(149)

(150)

(151)

(152)

0)(0l.  (153)

2(1 — ¢)?

ST, asy

with ¢ > \/Li’ we get

_ N2
%F<|1><1|>+%r<|2><2|>
2
S e+ |1+ L2
1+6q 6¢°)

1—q , (1—-9q)
+[ p; + (P = 1) ]|0><0| (155)
Now, if we analyze the coefficients at r.h.s. (which cor-
respond to the eigenvalues of the convex combination of
I'(|1)(1]) and T'(]2)(2])) we have

2(1 —q)? 1
S A — <
2 — 1 >0 for \/§—Q<1’ (156)
(1—2¢)° 1 1 V3
1+ ——<0 for —<¢g< -+ —, 157
q(2¢2 - 1) N 2 6 (157
l—q, (1-ag)(=1+6q-6¢") _
q q(2¢* - 1)
1
for — <g¢g<1. 158
o q (158)
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Fig. 6. Quantities c¢(kn,km) vs q. In particular, in the range [1/2,1/v/2]
it is plotted c(k4, —k2). In the range [1//2,1/2 + +/3/6) it is plotted
¢(k2, —k1), according to Proposition 22. Finally, in the range [1/2 +
v/3/6,0.8] it is plotted c(—k4,k2). In the point ¢ = 1/2 4 /3/6, it is
c(k2, —k1) = 0 while ¢(—ky, k2) = —0.0303.
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Fig. 7. The quantity min, <50 C(|kn|, |km|) vs ¢ when kpkm < 0.

Thus, we can conclude that the channel I' does not exist
(at least for LQ < q < % + %) because its eigenvalues
should have been positive. This in turn means that in the above
range of ¢ values the Gaussian unitaries are neither universally
degradable nor universally anti-degradable. [ ]

Remark 23: Numerical investigations (see below) suggests
that the statement of Proposition 22 holds actually true for ¢
between 1/2 and 1.

Let us consider the convex combination of states as

kﬂ’l, n
P
where k,, and k,, are the coefficients in front of I'(|0)(0|) for
the expressions of I'(Jm)(m|) and T'(|n)(n|), respectively.
Define ¢(ky, k) the coefficient of |1)(1| for the combina-
tion (159). Figures 6 and 7 show that there is always a negative
c(kn, k) for g € [%, 1).

L(|m)(ml), (159)

B. Case q > 1
The U@ corresponding to (34) turns out to be

U(q) _ ei arccosh\/ﬁ(éfl;TJrélA)). (160)

Using the disentangling formula for the SU(1,1) group,
it is possible to rewrite it as
U(q) — eT(ALTlA)Te—S((ALT(Al-‘ri)BT)eri) (161)
where
CJg—1
r=14/—,
q

s=1In/q. (162)

Let us now compute the action of U(? on the Fock state
|m)|1). It results

U m)|1)
A . o (@b !

_ edw‘bfref(dféﬂrbbf)s Z %|m>|1> (163)
n=0 ’
:ed*é”e—(d*“’w)s(|m)|1>+\/%rlm—1>|0>) (164)

& (s (ata 4 i)
> <n, ) (Imb1)
n=0 ’
+ Vimrjm = 1)[0)) (165)

= LRI

n=0 ’I’L'
S (-1)%%(72'— 1+ 1) I — 1>|0>) (166)
n=0 '
_ eaféfr(ef(m+2)8|m>|1> +vmre ™ m — 1>|0>)

(167)

= ¢~ (m+2)s g vn+1 <n+m>r"|n+m>|n+ 1)
m
n=0

d n+m-—1
—ms n —1
+ v/mre nz:;) ( 1 )7“ [n4+m —1)|n)
(168)
= /mre” ™% |m — 1)|0)
+> <e(m+2)5\/n +1 (n + m>
m
n=0
2 _—ms n+m n
+ v/mre 1 r|n 4+ m)|n + 1).
(169)
Then, we can get
N(Im){m]) = mlr|*e>"*|m — 1)(m — 1|
+ Z <e(m+2)s /n +_1 <n+m>
n=0 m
2
-1 _ n+m
-yt (0 1)) 2+ )+ ],
(170)
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and

N(jm){ml)
+ Z ( ey (M0

2
-1
—\/ﬁ—qq e ms (n+m>> 7|2 n 4+ 1) (n + 1.

= m|r[*e="*|0)(0]

m—1
(171)

It is known that for any completely positive map I" and two
density matrices p and o, the following inequality for quantum
relative entropy holds true (contractive property)

DT (p)[[T'(0)) < D(pllo)-

By assuming the degradability condition for A/, we should
have

(172)

D (A (Jm) () [ A (s} (o)) <

DN (Jma)(ma )|V (Im2) (mal))

for all m; > ms € N. From Egs. (170) and (171), we have
DN (jma)ma )|V (mz) (mal))

—2m1 s

(173)

2
= my|r|?e ™% In nqu|r| €

mz(mlfmzfl)

4
+ Z I (174)
mz(ml ma+n)
and
D (N (ma) (ma ) [A7(jma) (mal))
_ 2 _—2mgs m1|r|2€72m15
_m1|7“| e 15] W
+Z%m ml", (175)
mzn
where, according to (170) and (171), we have defined
= <€(m+2)5\/n—+1 (” ’ m)
. 2
—Vmi e (" i m)) " (176)
q m—1

By simple calculations, we get

o n+1-m(g—1)%m+m\ q¢—1\"
cl ., = (n—|— NRE < m ><—q > . Q77

Then, Eq. (173) reads

2,—2m1s
2 _ —2mis m1|r| mln
m1|7“| € '*In m2|7'|2€ 2mas +Zcml” mzn
2 2m19
<y r2e—2ms  lre
mz(mlfmzfl)
c4
+Zcmm 7”“” , (178)

’mz (m1—ma+n)

or more simply

m2|r|2672m25
q
ma(mi—mao—1)

m1|r|26*2mlsln

- Zcmm

However this mequahty can be violated. In fact, it happens
that ¢, ,, = 0 when

cd
mgn

> 0. (179)

mg(ml ma+n)

=m(g—1)—1.

It is then clear that (179) may be violated when ¢ is close
to integer numbers. More precisely the following result holds
true.

Theorem 24: For an arbitrary g > 1, there exist integers
m1 > mg such that Eq. (179) is not true.

Proof: Let us consider a fixed rational number g = % > 1.
By selecting mo =y and n’ = x — y — 1, we have

(180)

n'=my(q—1) -1, (181)

that, from (177) guarantees cm » = 0. On the other hand,

if there exists n” such that cm (/' 4mma—mz) = = 0 for such ¢,
then we should have
n +my —ms+1 g1 =
ma
n”—l—ml—mg—l—lzm—y (182)
y y
We choose my such that m; —y # x — y—n'" — 1 for any
integer n” = 0,1,..., in order to have cm (n+ms —msy) = O-
We also have cml " 7$ 0 to ensure that
c
o In 77— —— = —o0, (183)

ma(mi—ma+n’)

By considering the above descriptions, we show that relation
(179) violates for given small radius £ > 0 and ¢ < q < q+e.
In other words, it is clear that c‘}nQ » 70,V n! and so we have
the condition supp(N (Jm1){m1])) C supp(N(|ma){ma|)).
Now, for each n > ma(q — 1) + m, we have

angn

sz(m1 —ma+n)

(n+1—ma(g'—1))*
(3D 272

(n+mi—mo+1—ma(q’—1))2
(n+m1 ,m2+1)q/m2 +2

() (7)

) n+mi—mso

(186)
(n+m1 —ma +m2) (u

ma q

IThis holds true for ¢/ irrational number. If ¢/ is a rational number such
that c?,, » = 0, we should have

k+1
T q — 1. (184)
ma2
On the other hand, we have |¢ — ¢/| < & and hence
k+1
g <e= | - EE T o (185)
mo ma

which implies that z = k + m2 + 1 and so ¢’ = q.
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(n4+1—ma(q' —1))2 (n-{—mg)

(n+1) ma (187
(n+mi—mo+1—ma(q’ —1))2 (n+m1) (q’—l) 1 2
(n+mi—ma+1) ma q’

IN

q q,l mi1—mso
Cman “q_
< <q,1> (188)
ma(mi—ma+n) q
4
< —g—man (189)
ma(mi—ma+n)
Eq.(188) derives from
n+1—mo(¢ —1)
n+miy—mo+1—ma(¢ —1) ~
1-— -1
ntl-mg-1) (190)
n+mip—mo+1—ma(qg—1)
taking into account that n > ma(q — 1) + my.
On the other hand, we have
hm C?nQn _ 1 _ ( q ) mi—mz2 .
n—oo CmQ(ml—m,g-i-n) |7’|2m1 q— 1
(191)

Therefore, for a given 1 > 0 the exists a number N,, such
that for any n > N, > ma(q¢ — 1) +my, it is

Cq q mi1—msa
TEm— < ( 1> + 1. (192)
sz (m1—ma+n) q—
It then follows, using (179) and the fact
Tr(N(Jm1){m4])) = 1, that
Z C’mln C(Vlnﬂl
n=N, m2(ml—m2+n)
q mi—msa [e%e]
< ln{ (T].) +77} Zcmln
q n=0
q mi1—msa
< ln{ (—) —|—77}. (193)
qg—1
Using relations (189) and (193), we can get
- anzn
Z mln -
=N, mg(ml ma+n)
— q C?n,gn
<D (194)
n=N, ma(mi—ma+n)
o0 , cq
<D (195)
n=N, ma(mi—ma+n)
q mi1—msa
< ln{ (q_—l) } > - (196)
n=N,
q mip—m2
<lIn <—> +n . (197)
q—1
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Finally, we find that Eq. (179) holds for ¢’ < ©1 + O,
where
m2|r|2€72m25
c?ng(ml—mQ—l)

01 = my|r|?e?™%In

Np—1 '

q
Cmgn
+ mln

n=0,n#n’ sz(mlfszrn)
mi—ma
+1n{ (L) +n}, (198)
q—1
ql
q 1 szn’
O, = Cryne 10— (199)

mo(mi—ma+n’)

Now, when ¢ goes to 0, the quantity ©; will remain finite
(it is continuous with respect to ¢), while the quantity O9
diverges to —oo. Therefore, for any rational number ¢ we can
find a set (g, ¢+ ¢), for ¢’, which violates (179). Since the set
of rational numbers is dense into the set of reals, the proof
follows. [ ]

APPENDIX B
BOUNDS ON CAPACITIES UNCERTAINTY

In this appendix, we derive, on the basis of relations (110)
and (111), tighter lower bounds on the sum Y g + xAg than
the one from Theorem 14 for one-mode Gaussian channels.
The reasoning is based on the classification of OMG channels
given in [13], and the bounds are derived by using coherent
states encoding.

e Class Al: M =0, NN' =1.

We have
1 1
> —I) - —I
ws(l) (30
=0, (200)
and
1 1
XA®>S<<PE+—>I>—S<—I>
2 2
> g<PE + %) (201)
Therefore, we get
1
XH®+XA®>Q<PE+§>~ (202)
10 T
.ClassAZ:M:(0 0),NN =1.
We have
(( Ps+1 O))
XH@ 2 1
2
Gy -
0 3
and
Pr+1 0
wezs(( 755 50 )
—S<<(1) 2)) (204)
2
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Therefore, we get

1
XHe + XAw > g( (P4a+ 1)§>

+g<\/<PE+1>(pE+ %))
R

1 0

] B T_ 1

e Class Bl: M =1, NN __2N0+1(0 0)'
We have

Piti+svs O
> 2 T 2No+1
wozs(( MR L)

1 1
_5((§+46MW )) (206)

W= O

and

=
b
®
V
wn
VR
/-~
[\)
2|
+
Syul S
-+
N~
= O N O
~_—
~_—

Therefore, we get

XH® + XA®

ol (o ) (2 0))

Pg+1 +1
ANg+2 ' 2
1 1

92 208
g( +4N0+2> (208)

« Class Bz M =1, NN' = 1.
We have

1 Ng
> P I
XH®S<< 4T3 +2N0+1> >

1 Ny
S

+ty9

and

1 No
—S((§+2N0+1)I). (210)

Therefore, we get

+ xag > P+1+ No
XHe T XA = 9| A INg + 1

(PE+ JNo 1
+g( No+ 3 T3

1 No
-2 211
g( +2N0+1) (211)

o Class CAtt: M = /I, N'N =
We have

e 5P o)1)
(

1
s 51), (212)

(1-r)I,0<k<1

and

XA® ZS< <PE+%)(1—I€)+I€)I>
1
—S(EI). 213)
Therefore, we get
XH®+XA®>Q<< >/<;+1—/<;)
((PE+ ) 1—/<;)+/<;). (214)

e Class C Amp: M = /cI, NN' = (k — 1)I, for

k> 1.
We have
XH®>S(((PA+ )/<;+/<;—1>I>
-5 ! I 215
Ky , (215)
and

XA®>S(((PE+§) /<;—1)+/<;)I)
Ay o

1
XH® T XA® Zg((PA+§)/£+/£—1)

+g<<PE+%)(/@—1)+/@>

wl»—\

Therefore, we get

—2g <n - %) (217)
e ClassD: M = \/—kZ, N'N = (1—r)I, k € (—0,0)
We have
XHe = S<<<PA+ >|/<;|—|—|1—/<;|> >
S(MI) 218)
2
and
1
Xaw > s<(<PE+ )<|1 —al) + |n|) )
—S(WI). (219)
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Therefore, we obtain

1
XH® + XA >g<<PA+§>|I€|+1—I€>

+g<<PE+%>(1—/€)+|/€|>
_2g<lnl+|21—n|>.

Remark 25: For an easy comparison with the bound in
Theorem 14, let us consider the class C. The r.h.s. of (214)
and (217) can be put together as

g(<PA+%>n+I1—HI>
+g<<PE+%>|1_”|+/€>
e

Due to the properties of the function g defined in (23), it is

(220)

221)

Eq.(221) > g((min{PA, P} + %)g
+11- )

+ g<(min{PA,PE} + %) 11— k| + /<e>

1 —k|+ kK
- 29| ———— ).
o("=5

Still referring to the properties of the function g, we have
that the quantity (222) grows, in terms of min{ P4, P}, faster
than (101). Thus, the minimum difference between the two
bounds ((221) and (101)) is achieved when min{ P4, Pg} goes
to zero and results greater than or equal to

g(1—3r) +9(H5),
29(3% — 1) —29(k — 3),

These two quantities being positive show the tightness of
(221) with respect to (101).

(222)

K <1,

(223)
k> 1.
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