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Quantum Pythagorean Fuzzy Evidence Theory: A
Negation of Quantum Mass Function View

Xiaozhuan Gao, Lipeng Pan, and Yong Deng

Abstract—Dempster—Shafer (D-S) evidence theory is an effec-
tive methodology to handle unknown and imprecise information
because it can assign probability into the power set. However, the
process of obtaining information is a complex task, which can con-
sider the rational, conscious, objective evaluation of utility with be-
havioral effects. Besides, in most cases, information can be obtained
from different angles at the same time. The quantum model of mass
function (QM) uses amplitude and phase angle to easily express
those properties of information that can extend D-S evidence theory
to the unit circle in a complex plane. Moreover, everything in nature
will have its opposite, which is a kind of universality. The Bayes
theorem is essentially the process of negation. However, in most
cases, decisions can be made by only fully considering the known
information without considering the other side of the information.
Hence, considering the negation of information is a question to
be investigated deeply, which can analyze information from the
other point. This article proposes negation of QM by using the
subtraction of vectors in the unit circle, which can degenerate into
negation proposed by Yager in standard probability theory and
negation proposed by Yin ef al. in D-S evidence theory. Negation
can provide us more information to consider the problem from
both positive and negative aspects. In this article, negation can be
understood information, which does not belong to event A, that is
to say, negation can be regarded as nonmembership by using the
fuzzy terms. Based on the above discussion, this article proposes the
quantum pythagorean fuzzy evidence theory (QPFET), which is the
novel work to consider QPFET from the point of negation. Besides,
there are some numerical examples to explain the proposed method.
In order to explore the applications of QPFET, this article discusses
the possibility of the VI 5 ekriterijumsko Kompromisno Rangiranje
method under QPFET to handle multicriteria decision-making that
enables us to capture 2-D data, considering not only amplitude but
also phase angle.

Index Terms—Dempster—Shafer (D-S) evidence theory, negation,
pythagorean fuzzy sets (PFSs), quantum mass function, quantum
pythagorean fuzzy evidence theory (QPFET), VISekriterijumsko
Kompromisno Rangiranje (VIKOR).
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1. INTRODUCTION

NOWLEDGE representation is an interesting topic that
K can describe the information we obtained, which has been
used in many fields, such as economics [1], [2], physical [3], [4],
artificial intelligence [5]-[7], and so on [8]-[10]. However, un-
certainty information representation is one of the most difficult
challenges to knowledge representation. To address this issue,
there are many methodologies, such as probability theory [11],
fuzzy sets [12], Dempster—Shafer (D-S) evidence theory [13],
[14], and so on. D-S evidence theory can better handle unknown
and imprecise information because it can assign probability into
the power set [13]-[15]. Therefore, D-S evidence theory has
bigger ability to express uncertainty [16] and has been used
extensively in many fields, such as evidential reasoning [17],
information fusion [18], [19], classification [20], [21], and so
on [22]-[25].

Although D-S evidence theory can describe more complex
information by considering objective lack of complete knowl-
edge or subjective preferences and biases, some experiments
have proved that data can fluctuate at a given execution time,
which is irreversible [26]. Besides, the real physical world is
disposable and irreversible. Quantum mechanics provides a
new view to explore and express information, which is more
general than the standard (Kolmogorov) probability theory [27],
[28]. This article focuses on quantum probabilities, which are
nonadditive probabilities and have been used in many fields,
such as decision-making [29], machine learning [30], and so
on [31], [32]. Quantum probability has bigger uncertainty and
can expand probability into the 2-D space by considering the
amplitude and the phase angle; besides, it can obey the power set.
Hence, how to understand D-S evidence theory under quantum
theory is a question of value inquiry. He and Jiang [33] proposed
an evidential Markov model and an evidential dynamical model
to predict interference in decision-making. In the full lattice,
quantum probabilities violate the additivity property [34], [35].
Vourdas set the connection between D-S evidence theory and
quantum theory from the view of lattice [28], [36]. Xiao [37]
presented a complex evidence theory, which has been used in
many fields [26]. Gao and Deng [38] studied the quantum model
of mass function (QM). The QM expanded D-S evidence theory
into quantum theory, which has largest spatial and temporal rep-
resentation capability. Quantum probability can better consider
the events from different locations, and at the same time, in this
case, the different locations can be understood as the different
angles, which can be reflected by the phase angle [39]. For the
weather with high uncertainty, it can often be predicted to have
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a probability of rain of 0.8; then, there is a probability of 0.2 that
caninclude all possible weather conditions. Using QM can better
express uncertain information from different angles. Besides, in
most cases, the behavior of people has the inherent dual property.
The process of decision-making is a complex dual-nature task,
which can consider the rational, conscious, objective evaluation
of utility with behavioral effects, such as irrational emotions,
subconscious feelings, and subjective biases [40]. In the process
of real decision, those properties can be understood as the 2-D
information. The QM can use the amplitude and the phase angle
to express the 2-D information. Hence, it can be seen that the
QM is an effectiveness tool to express uncertain information.

In most cases, the decisions can be made by only fully con-
sidering the known information without considering the other
side of the information. As we all know, everything in nature
will have its opposite, which is a kind of universality. Hence,
considering the other side of information is a question to be
deeply investigated. On the other hand, the QM can satisfy
nonadditivity, which has some connections with logic. In logic,
negation plays an essential role [41]. Besides, negation is also an
important mathematical tool [42]. Negation can help us better
understand the obtained information; for example, it very hard
to prove a + b > ¢; however, it is easily to prove a +b < c.
From this point, it can be seen that negation is an essential tool
in mathematics. Besides, the Bayes theorem is essentially the
process of negation [43]; it can be seen that negation is also
important in artificial intelligence. Recently, much work about
the negation of information to study the meaning of negation
has been done [44]-[47]. Yager [48] proposed the negation
of probability theory, which can increase the entropy. Yin et
al. [49] proposed the negation of mass function, which can
be used to consider conflict. Torres-Blanc et al. [50] proposed
new and strong negations based on type-2 fuzzy sets. Srivastava
and Maheshwari [51] discussed some properties of negation.
Srivastava and Kaur [52] used the Shannon entropy function and
the Kullback—Leibler divergence to determine the uncertainty
related to the negation. Kang et al. [53] proposed the negation
of discrete Z-numbers. Hence, studying the negation of QM is
a problem of value study, which is also an open issue.

Based on the above discussion, this article proposed a new
negation method based on the QM. First, the QM is similar
to a vector in a 2-D space, so the QM can be regarded as
vector CQ—]\>4 . Besides, the amplitude of QM is always smaller
than 1. In probability theory, using 1 — p(A) represents the
negation of A. Hence, in this article, the negation of QM can be
presented by using 1 — QM , which is similar to the subtraction
between two vectors. Besides, in probability theory, probability
represents the probability of something happening, that is to say,
the membership degree by using a fuzzy term. Then, the negation
of probability can be understood as the impossible probability
of something, namely, the nonmembership degree by using a
fuzzy item. Hence, the negation sets the connection between
membership and nonmembership degrees. Membership degree
is an essential tool in the fuzzy set, which has been used in many
fields [54]-[56]. Besides, in most cases, the fuzzy sets can be
set by people, which can include the larger subjective factors.
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Hence, how to generate the fuzzy sets is also an open issue.
The view of this article can decrease the subjective factors by
considering information from different views. The pythagorean
fuzzy set (PFS) satisfies the law that the sum of squares is 1,
which has bigger information representation space and uncer-
tainty [57], [58]. Based on the above discussion, this article
proposed quantum pythagorean fuzzy evidence theory (QPFET)
based on the proposed negation, which can consider both the
amplitude and the phase angle. Besides, the fuzzy set can be
well applied to multicriteria decision making (MCDM) [59].
Hence, to explore the application of QPFET, this article proposed
QPFET-VIKOR based on VI § ekriterijumsko Kompromisno
Rangiranje (VIKOR), meaning multicriteria optimization and
compromise solution [60]). In this article, quantum probability
can be expressed by using the Euler formula, not imaginary
probability. In essence, they can be equivalent to each other.
However, the Euler formula can better reflect the change of phase
angle, which is more intuitive. Besides, the amplitude of Euler
formula can be easily obtained by the classical probability. In the
application of this article, the QPFET-VIKOR can consider the
amplitude and the phase angle separately. Hence, using the Euler
formula to present the quantum probability is more concise and
convenient.

The primary contributions of this article are summarized as
follows.

1) This article considered the negation based on QM from
the view of vector. Specifically, this article considered
the negation in 2-D space, which can help us consider
problems from the positive and negative views. Besides,
the proposed negation is compatible with Yager’s negation
and Yin et al.’s [49] negation.

2) Based on the negation of QM, this article proposed
QPFET. This is the novel work to consider a fuzzy set from
the negation, which can help us obtain more information.

3) A decision-making algorithm is proposed based on
QPFET and VIKOR, which can consider not only am-
plitude (probability), but also phase angle. Finally, the
effectiveness of the proposed method is verified through
experiments.

The rest of this article is structured as follows. In Section II,
some preliminaries of QM, PFSs, and Yager’s negation are intro-
duced. In Section III, the negation of QM and the QPFET-based
negation are presented. Besides, some numerical examples are
used to analyze the proposed methods. In Section IV, we pre-
sented the QPFET-VIKOR and used the proposed method into
the specific application. Finally, Section V concludes this article.

II. PRELIMINARIES

This section introduces some preliminaries of QM, Yager’s
negation, and Yin et al.’s [49] negation.

A. Quantum Mass Function

Definition 1.1 (Quantum frame of discernment) [38]: Let
O be the set of mutually exclusive and collectively exhaustive
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events |A; >, namely
|@ >= {|A1 >,|A2 >7~--3|An >}' (1)

The power set of |© > composed of 2%V elements is indicated
by 219>, as follows:

210> =16, {|A; >},{|42 >},..., {|A1, 42 >},...,|© >}.

(2

Definition 11.2 (Quantum mass function): In quantum frame
of discernment, the QM M is defined as follows [38]:

M(|A >) = ped? 3)

which is a mapping of Q from O to 1 and satisfies

M (¢) =0 @)
> IM(A>) =1 (5)
[A>C|lO>

where |M(]A >)| = 1? is the amplitude of the Euler formula
and represents the probability of event |4 >, 0 < P2 < 1.6
represents the phase angle of event |A >.

The QM is also called quantum basic probability assignment,
where [1)1|? represents the belief degree to |A >, namely, evi-
dence supports the proposition or hypothesis |A >. 6 represents
the phase angle of |A >, and the range of 6 is [0, 360°] [38].

B. Pythagorean Fuzzy Sets
Definition I1.3 (PFSs): X is a nonempty set; the PES A in X
is defined as follows [57], [58]:

where 0 < Ay (z) < 1land 0 < Ay(x) < 1, which represent
membership and nonmembership degrees, respectively, Besides,
Ay (x)? + An(2)? < 1 should be satisfied, which can also be
rewritten as r = Ay (x)? + An(z)2. According to 7, the hesi-
tancy degree in the PFS can be written as follows [57]:

Ag(x) =vV1-—r. @)
Definition I1.4 (Yager’s negation): Consider a probability
distribution

p= {pl,pz,...,pn;o <pi<LY pi= 1} ®)
1=1

defined on the set X = (x1, 2, ...,x,). The negation of the
probability distribution p is defined as follows [48]:

p= {ﬁl,ﬁz,...,pn;o <pi<Ly pi= 1} ©)
=1
where

5 = L—pi _ 1—p; _ D i1,i P (10)
n—1 0 Y (L-m) n—1

where n is the number of probabilities and p; is the original

probability.
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(2) (b)

Fig. 1. Explanation of negation.

Definition I1.5 (Yin’s negation): Consider a mass function

(1)
The negation of probability distribution M is defined as fol-
lows [49]:

o
M = {mmmo <e, <L Y e, =1
i=1
(12)
where
L—me, 2oz ™
Z?:1 (1 —me,) n—1

where 7 is the number of mass functions and m., is the original
mass function.

_ 1_m€i
mei: =
n—1

(13)

III. QUANTUM PYTHAGOREAN Fuzzy EVIDENCE THEORY

In this section, the negation of QM is proposed, which can
be computed by using subtraction between vectors. Based on
the proposed negation, the QPFET can be presented, which
can consider the amplitude and the phase angle. Finally, some
numerical examples are used to further analyze the proposed
method.

A. Negation of Quantum Mass Function

Negation can provide us a new insight to make decisions by
making full use of known information. Hence, exploring the
negation of QM can expand the application of QM.

This section proposes the negation of QM. QM can expand the
D-S evidence theory into 2-D space by considering the amplitude
and the phase angle, as shown in Fig. 1(a). Besides, the proposed
negation can be considered from the view of vector, which can
be shown in Fig. 1.

Fig. 1 gives us an intuitive explanation about the negation of
QM. In Fig. 1(a), Q—]\>4 represents the QM M(|4; >) = ;e
whose amplitude is 17 and phase angle is ;. In Fig. 1(b), 1
rEPLesents the unit vector and its phase angle is 0. In Fig. 1(c),

QM represents the negation of QM, which can be computed
by T} — @M, whose phase angle is 6;. Next, specific steps of
negation are introduced in detail as follows.

Step 1: Calculate the complementary of QM
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Use 1 — M(]A; >) to represent the complementary of
M(|A; >), as follows:
M(|A; >) =1-

M(|A; >) =1 — e, (14)

Step 2: Calculate the amplitude and the phase angle of QM

From Fig. 1(c), it can be seen that QM QM and vector 1
can form a triangle; hence, it is easy and reasonable by using a
trigonometric function to obtain amplitude and phase angle of
QM, which can be shown as follows.

(i) Calculate the amplitude

I
IM(]4; >)| = 1+ M(JA; >)]? — 2% 1+ [M(J4; >)]
(16)
I
i =/ IM(|4; >)| (17)

where |M(]4; >)| represents the amplitude of M(|A; >).
|M(|A; >)| represents the amplitude of M(|A4; >)
(ii) Calculate the phase angle

~ 14 |M(4; )2 -
osf, = + [M(|A; >)|

251 |M(|4; >)| '

According to (15)—(18), the negation of QM can be obtained
as follows:

= el
Step 3: Normalization. Because the sum of amplitudes is not

equal to 1, it should normalize.
(i) Calculate the sum o of negation of QM as follows:

o= 30

where 1); represents the amplitude of MI(|A; >).
(ii) Note that the sum o might not equal to 1; hence, the
negation results of normalization are as follows:

M(|4; >) (19)

(20)

~2

FE( 4 >)] = 2

2

In fact, negation can be obtained by using the complement of
each focal element. Besides, the negation in QM can be changed
with the change in the phase angle. When the QM degenerates
the probability theory, QM is similar to the negation of Yager.
When the QM degenerates the mass function, QM and Yin et
al.’s [49] negation are consistent.

Proof 1: When the QM can degenerate the classical prob-
ability, M(|A; >) = v;e’% can be rewritten as M(|A; >) =
;€Y namely, P(A;) = ¢?. By using (14)—(21), the negation
of P(A;) = 1? can be computed as follows:

P(A) =1~ [M(|4; >)| = 1 -2,

7
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(2) (b)
Fig. 2. Explanation of proof.

The final results after normalization are
L—y? 197
Yioil-wf -

The more specific explanations are shown in Fig. 2. In Fig. 2,

12

P(4;) =

n—1"

represents the classical probability, and its phase angle is 0.

P represents the negation of ? it can be seen that the phase
angle of ? is 0, and the amplitude of ? is 1 — 2.

Besides, when the QM degenerates the classical mass func-
tion, the proof is similar to Proof 1.

B. Examples of Negation

In this section, some numerical examples are used to explain
the proposed negation method.

Example 111.1: Assume the QFD |© >= {|a >, |b >,|c >};
the QMs are as follows:

V0.2, M(]b >, |e >) = V0.7, M(Je >) = V0.1.

QMs in this case are similar to the mass function in D-S
evidence theory. After the negation, the QMs are as follows:

V0.40, M(|b >, |¢ >)=+/0.15, M(|¢ >) =+/0.45.

It can be seen that the proposed method can degenerate the
Yin et al.’s [49] negation.

Example II1.2: Assume the QFD |© >= {|a >, |b >, |c >};
the QMs are as follows:

M(ja >) =

M(|a >)=

M(ja >) = v0.2¢7% M(|b >, |c >) = V0.7e74
M(le >) = V0.1,
After the negation, the QMs are as follows:
M(la >) = v/0.3668¢711-30%
M(\b >, |e >) = v0.2543¢744-424°
M(|e >) = v0.3789¢74 715",

Comparing Examples III.1 and III.2, it can be seen that the
phase angle plays an essential role in negation of QM, which
can influence the results of negation.

Example 111.3: Assume the QFD |© >= {|a >, |b >, |c >};
the QMs are as follows:

V0.2¢7 2 M(|b >, |e >) = v/0.8¢7 2.

This example is used to discuss that the negation changes with
the change in the phase angle, as shown Figs. 3 and 5, where a

M(|a >) =
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(@) (b)

Fig. 3. (a) Amplitude change of |a > after negation in Example IIL3.
(b) Amplitude change of |b, ¢ > after negation in Example III.3.

oM,

oM,

Fig. 4. Explanation of axis of symmetry.

0.15

0.1

0.05

0 0.5 1 0 0.5 1
b

a
(a) (b)

Fig. 5. (a) Phase angle change of |a > after negation in Example IIL3.
(b) Phase angle change of |b, ¢ > after negation in Example II1.3.

and b can change from 0 and 1, namely, the range of phase angle
is 0; € [0, 360°].

First, the amplitude changes of |a > and |b, ¢ > are symmet-
rical by analyzing Fig. 3, whose axis of symmetry is the phase
angle of 180°. The more intuitive explanation is given in Fig. 4.

Next, the change in the phase angle can be further discussed.
From Fig. 5, it can be seen that the phase angle after negation
canbe Ounder §; = 0°,180°, 360°. Besides, comparing Fig. 5(a)
and 5(b), it can be seen that bigger amplitude has bigger phase
angle.

Example 111.4: Assume the QFD |© >= {|a >, |b >,|c >};
the QMs are as follows:

M(la >) = vae’®” M(|b >, |c >) = Vbe!*>
M(le >) = V1 —a — bed'?”

where a represents the amplitude of |a >, b represents the
amplitude of |b, ¢ >, and 1 — a — b represents the amplitude of
le >,

Example II1.4 mainly discusses how the final results after
negation changes with amplitudes. In this case, the values of
a, b, and ¢ are not equal to 0. Fig. 6 shows the changes in
the amplitudes of |a >, |b, ¢ >, and |c > after negation. From
Fig. 6(a), it can be seen that the amplitude increases with the
increase in a while b remains the same. When a gets closer

1

1

04 0.29 0.45
0.8 0.8 038
Ll 028
|
0.6 036 g6 0.6 04
0.27
© 034 = o
04 04 0.4
032 0.26 035
0.2 03 0.2 005 02
028
0 0 0 03
0 05 1 0 05 1 0 05 1

a

(2)

a

(b)

a

(©
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Fig. 6. (a) Amplitude change of |a > after negation in Example II1.4. (b)
Amplitude change of |b,c > after negation in Example IIL.4. (c) Amplitude
change of |c > after negation in Example IIL.4.

(@)

1
0
0 0.5 1 0 0.5 1

a a
(a) (b)

0.15

0.1

0.05

Fig.7. (a)Phase angle of |a > after negation in Example IIL.4. (b) Phase angle
of |¢ > after negation in Example II1.4.

Fig. 8. Influence of amplitude on phase angle.

to 1 and b gets closer to 0, |a > and |b, ¢ > have the biggest
amplitudes, and |¢ > has the smallest amplitude. Besides, when
a gets closer to 0 and b gets closer to 0, |a > and |b, ¢ > have
the smallest amplitudes, and |c¢ > has the biggest amplitude.
Next, the changes in the phase angle of |a > and |, ¢ > after
negation can be shown in Fig. 7. Fig. 7(a) shows the phase
angle of |a > after negation; it can be seen that the phase angle
can increase with the increase in a. Fig. 8 gives an intuitive
explanation from the view of vector. It can be seen that bigger
amplitude can have bigger phase angle after negation when the
phase angle remains the same. Besides, the phase angle of |b, ¢ >
has the same change with |a >. Similarly, when a and b have
smallest values, the phase angle of |¢ > has biggest values.

C. Quantum Pythagorean Fuzzy Evidence Theory

In this section, the QPFET can be introduced in detail.

Negation can be obtained by the proposed method, which can
be understood as quantum probability, which does not belong
to A, namely, negation can be regarded as the nonmembership
of A.

Next, the specific steps of QPFET can be introduced as
follows.
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Step 1: Calculate the negation of QM.

In this step, the negation can be obtained by using (14)—(21),
ie., M = 1/3ie<7'2”'9i.

Step 2: Construct QPFET.

This article considers membership as the probability that the
target is A, and nonmembership as the probability that the
target is not A. In this step, M is considered as the quantum
membership degree, and M is considered as the quantum non-
membership degree. Hence, we can construct the QPFET as
follows.

Definition III.1: Supposing that QFD is |© >= {|A4; >
,|As >, ...}, which is the nonempty set, the QPFET is defined
as follows:

|© >= {< (A, M, M) > |A € 219>} (22)

where M represents the quantum membership and M represents
the quantum nonmembership, namely, the negation of M.

Step 3: Obtain quantum uncertainty or quantum hesitancy
degree.

(I) Calculate the sum of squares of |[M| and | M|, as follows:

p =M+ [M? (23)

where | M| represents the amplitude of M(A) and | M| repre-
sents the amplitude of M(A).

(II) Obtain the amplitude of quantum uncertainty |¢|. In this
step, if p is larger than 1, then |¢| should be regarded as 0; other-
wise, |¢| should be computed by using the following equation:

o = (1 p)°%.

(IIT) Calculate the phase angle of quantum uncertainty ;. In
this step, all phase angles should be in the form 27 - 6;:

(24)

Gi=07+ 9;2
g = (1 o Ci)0.5

where 6; represents the phase angle of M (A) and 0, represents
the phase angle of MI(A). The quantum uncertainty is ¢ed 27

This view is inspired by [60]. Next, numerical examples are
used to explain the proposed method.

(25)
(26)

D. Examples of QPFET

Example II1.2 is used to further explain the procedures of
QPFET.

Taking the event a as an example, the quantum mem-
bership is 1/0.2¢7270-25 and the quantum nonmembership
v/0.3668¢727°0-0314 can be obtained by using the proposed nega-
tion method. Next, the process of quantum uncertainty can be
introduced.

The amplitude of quantum uncertainty |¢| can be computed as

|t| = /1 — (0.22 + 0.36682) = 0.9086.

Next, the phase angle of quantum uncertainty € can be obtained
as

e =+/1—(0.252 +0.03142) = 0.9677.

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 30, NO. 5, MAY 2022

Hence, PM(a) can be obtained as follows:

PM(a) = [v0.2¢7270-25 \/§.917270:97 /() 37¢9270-03],
Other PMs are as follows:
PM(b, c) = [\/ﬁej%ﬂ.ll%’ V067327098 \/@ej%o_m]

PM(c) = [VO1e270-33, /093727094, /352w 001),

It can be seen that negation can build a bridge in QPFET
and QM, which can help us obtain more information to make
decision.

IV. QPFET-VIKOR METHOD

MCDM provides a novel method to evaluate, assess, and se-
lect alternatives, which originated from operational research. In
most cases, information can be obtained by experts to handle the
MCDM problem, which can have a certain subjective attitude.
Using QM to express the information can better describe the two
dimensions. Moreover, the QM can describe information well
from different angles by using phase angles, which is more in line
with human thinking. Besides, the proposed QPFET can well
describe the fuzziness of information. Hence, it can be seen that
QPFET is the effective tool to handle MCDM problems. There
are many methodologies for dealing with MCDM. VIKOR was
proposed by Opricovic to handle with precise and crisp data, and
it has been extended to account for wider informational settings
ever since [60], [61]. VIKOR can rank a set of alternatives in
scenarios with conflicting criteria, which can get a compromise
with priority in handling the MCDM problem [61]. Hence, this
article mainly consider the possibility of the VIKOR method
under QPFET that can help us obtain more information by
analyzing the known data.

The proposed QPFET-VIKOR can be introduced in detail as
follows.

A. Problem Statement

There is the set of decision makers (also named experts)
E = {ej,ea,...,e,}, who can choose the best candidate from
the set of candidates (which is also named alternatives) © =
{A1,A;,..., A, }. Besides, there are some criteria (which are
also named attributes) C = {cy,ca,...,cx}. The expert can
assign a probability to candidate A; by considering the criteria.
Next, this article gives a method to choose the best performance
candidate by using the proposed QPFET-VIKOR.

B. Proposed QPFET-VIKOR

In QPFET-VIKOR, the known information can use the pro-
posed QPFET to generate the QPFET. QPFET-VIKOR can make
full use of the known information by considering the negation,
which can be used to handle MCDM. The specific steps of
QPFET-VIKOR are as follows.

Step 1: Obtain the weights of experts. All experts may not
be equally important. Hence, considering the weights of experts
can help us get the more precise decision. The importance of
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expert can be obtained by using linguistic terms. The specific
steps are explained as follows.

(i) Obtain the information of experts. There are some linguis-
tic terms to describe the importance of experts. For example, the
importance of e; can be understood as very important with the
probability of 0.8; then, the probability of unknown (which can
include all the possibilities) is 0.2. Then, the QM of experts can
be obtained.

(i) Generate QPEFT. In this step, we used the proposed
method of QPFET to obtain PM = [M, O, M] of experts,
where Ml = m - ¢/2™“ represents the membership of events,
M = 1h - €927 represents the nonmembership of events, and
O = o - e??™P represents the uncertainty of events.

(iii) Calculate the weights of experts. By using the following
equation, we can obtain the weight of experts:

2

~ M, ;|2 aZ,
3 = Ry M 4V meiige +ad; +77 o257
(2 2
ST S [IM |2 [M .‘2M+a2,+ zvi]
i=1 2uj=1 Mij [ Mz 02 TN TG Q2 52
ij k%) k¥ k¥
27

where ¢ represents the number of experts, j represents the
amount of QPFET, and x represents the importance of the
linguistic term. In addition, the sum of ; should be 1.

Step 2: Construct a fused QPFET decision matrix. In MCDM
problems, different experts can give different perspectives, so
they have to fuse the individual information to make a rea-
sonable decision. In this step, the fused decision matrix can be
introduced.

(I) Obtain M given by experts: Every expert can give some
information of each criterion for the individual candidate. M¢,
can be obtained by using Step 1(i), where m represents the
number of candidates, n represents the number of criteria, and
1 represents the number of experts.

(IT) Fuse M = to generate new M,,,: All the information
provided by experts is fused to generate more reasonable and
precise information, which can be computed as follows:

My = > %Mk, (28)
=1

where ; represents the weight of the expert, and M¢, repre-
sents the information about the candidate and the criterion given
by expert e;.

(IIT) Use QM to obtain QPFET. Use M,,,,, to obtain QPFET
PM,,,,, which is similar to Step 1(ii).

Step 3: Evaluation weights of criteria. The importance of
individual criterion can be obtained by linguistic terms given
by experts.

(I) Obtain M of criteria from experts. Expert e; can assign a
linguistic term to the criterion c¢,, in the form of probability, so
M, can be obtained.

(II) Fuse M, to generate new M,,. The fusion equation can
be computed as follows:

M, = M, (29)
i=1
(III) Use the fused M., to generate the QPFET.
(IV) Calculate the weight of criteria (w,,) by using (27).
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Step 4: Construct a score matrix. PM,,,, of every candidate’s
criterion has been obtained in Step 2. The score function can
transform PM.,,,,, to crisp values, which can be computed as

Gmn = Z"{zﬂMfmnF - |M;nn|2 + (ainn)2 - ( :nn>2)
i=1

(30)
where x represents the importance of linguistic term, M
and Mﬁnn represent the membership and nonmembership of
linguistic term i, respectively, m represents the criterion, n
represents the candidate, and G,,,,, represents the score degree
of PM.,,,,,.

Hence, the score matrix is as follows:

Gll Glz Gln
GQI GQQ GQTL

G = (€2))
GIml GmQ (G’mn

Step 5: Identify the best and worst values. The best and worst
values of every criterion are identified regarding the nature of that
criterion, which can be obtained by the score matrix. Besides,
b and c¢ represent the collection of benefit-type and cost-type
criteria, respectively.

The best value G, and the worst value G, of criterion ¢,
are obtained by using the following equations:

G = maxG,,, if¢; € b

{(G:,Q = minG,,,, if ¢; € ¢ (32)
G,, = minG,,,, ifc¢, €0

{(Gr;1 = maxG,,,, if ¢; € ¢ (33)

Step 6: Determine S, R, and Q. In this step, the group utility
measure S, and regret measure R, relative to alternative A; can
be determined as follows:

GH -G
Su=Y w, (om——mn 34
pIE ( Gh —G., > ha
Gl — G

where w,, represents the weight of individual criterion. Accord-
ing to S, and R,,, the ranking measure Q,, can be computed
by

S, -8 Rn,—R~
On = (3+$) t{-v) <R+R) G0

where S, = min,,S,,, S =max,,S,,, R, = min,R,,, and
’R;: = min,, R,,. Besides, the parameter v represents the weight
for the strategy of the maximum group utility, which should
belong to [0,1]. In this method, v is considered as 0.5, which
provides the maximum group utility along with the minimum
individual regret.

Step 7: Rank the candidates. S, R, and Q ordering of can-
didates can be obtained, which can help us choose the best
candidate with the smaller value of S, R, and Q.

The algorithm of QPFET-VIKOR is shown in Algorithm 1.
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Algorithm 1: Algorithm of QPFET-VIKOR.

Input: The data about the importance of expert; The data
of candidates given by experts; The data of criterion given
by experts.

Output The ranking order of candidates.

7:
8.

9:
10:
11:
12:

13:
14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:

31:
32:

33:
34
35:
36:
37:
38:
39:
40:
41:
42:

43:

44.
45:
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2
3:
4:
5
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function GENERATING QM
for i =1tox do

QMi(e;) = ay;
QM;(©) =1->"ay;
end for

end function
(1) Obtaining the weights of experts
fori = 1tox do
function Generating QM
end for
for:=1toxdo
for j = 1toydo
Generating the QPFET by using (14)—(21) and
(23)—(26);
end for
end for
fori:=1toxdo
for j =1toydo
Getting the weights of experts by using (27);
end for
end for
(2) Construct fused QPFET decision matrix
fori = 1tomdo
for y = 1ton do
Function Generating QM
end for
end for
fori =1tox do
Getting the new QM];; after fusion by using (28);
end for
fori =1tomdo
for ) =1tondo
Generating the QPFET decision matrix by using
(14)—(21) and (23)—(26);
end for
end for
(3) Evaluation weights of criteria
fori:=1toxdo
for j = 1tondo
Function Generating QM
end for
end for
for:=1tox do
Getting the new QM after fusion by using (28);
end for
fori = 1tomdo
Generating the QPFET by using (14)—(21) and
(23)-(26);
end for
for i = 1tom do
Getting the weights of criterion by using (27);
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46: end for

(4) Construction of score matrix
47: fori =1tomdo
48: for j = 1ton do

49: Getting the score matrix by using (30);
50: end for
51: end for

(5) Identification of best and worst values
52: for j =1tondo

53: Getting best and worst values of score matrix by
using (32) and (33);
54: end for

(6) Determine S, R,
55: fori=1tondo
56: Getting S, R, Q by using (34)—(36);
57: end for
(7) Ranking of candidates
58: fori=1tondo
59: Candidates are ranked from small to large;
60: end for

C. Application of QPFET-VIKOR

In this section, the proposed QPFET-VIKOR is used to choose
the best renewable energy project. A brief introduction is as
follows. There are five candidates: bio fuels (BF), hydroelectric
(HD), biomass (BM), wind power (WP), and solar thermo-
electric (ST). There are four criteria for individual candidate:
power (PW), operating hours (OP), tons of CO5 avoided (CO5),
and investment ratio (IV). For more details on this application,
see [60] and [62].

Some linguistic terms are introduced in Table I, which can be
referred to [60]. For example, the expert considers that the can-
didate is good. However, it is not sure, and the expert only has the
probability of good of 0.8 by analyzing some properties. Hence,
it is more convenient to describe the obtained information.

The steps of QPFET-VIKOR to choose the best candidate are
described as follows. In this application, all results reserve two
decimal fractions for simplicity.

Step 1: Obtain the weights of experts.

() Obtain the information of experts:

Some information about experts is given in Table II. Taking
expert e; as an example, the importance of e; is V' I, I with the
probability of 0.9. Hence, the probability of unknown O is 0.1.
M can be obtained as follows:

1408 . . ;
My(VL, 1) = 4/0.9- %@'2”'”5 ® = /0.8l 2709

3 .
M;(©) =1/0.1- 363‘2”% = v/0.06¢7 2706,
In this case, 0.9 represents the probability of VI, I, and
represents the average of V' 1 and /. © can include all possibilities
VI, 1, M,UI,and VUI).
The results of normalization are as follows:

MI(VI>I) = 0.9316j'2ﬂ'0‘97M1(@) — 0.069(3]'-277-0.6.

1+0.8
2
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TABLE I
LINGUISTIC TERMS

Linguistic terms  Linguistic terms  Importance Q

VG VI 1 el 2l
G I 0.8  1/0.8¢727 08
M M 0.6  /0.6e727m06
UG Ul 04  0.4e72m04
VUG VUI 02  /0.2¢727m0:2

By using the above methods, QMs of experts can be obtained,
as shown in the second column of Table III.

(I) Generate QPFET. Use the proposed QPFET to generate
IPM, as shown in the third column of Table III.

(III) Calculate the weights of experts. The weights of experts
are also different; fusing the information given by experts is
helpful to make decision. In this step, the amplitude and the
phase angle can be considered simultaneously; the final results
are shown in Table III. Analyzing Table III, it can be seen that
Y1 > 3 > 72, which is in line with our expectations. Taking
weight v; of e; as an example, the specific steps are as follows:

0.932
0.9 (0.932 +0.362 - 52" —)
1.8687 + 1.1364 + 1.5017

0.92
0.9-(0.9%2 +0.18%. m)

1.8687 + 1.1364 + 1.5017

0.6 (0.072 +0.642 - 55590 )

1.8687 + 1.1364 + 1.5017
0.60% )

0.6 - (0.602 4 0.012 - 050 10507
1.8687 + 1.1364 + 1.5017

=

=0.41

where 0.9 represents the importance of VI and I and can
be computed by ”2&, and 0.6 represents the importance of
unknown. In this step, the amplitude and the phase angle can
be aggregated because using the specific values to represent
the weights of experts can help us better analyze the problems.
Besides, the number of experts can be set according to [60], [63],
and [64].

Step 2: Construct fused QPFET decision matrix. The infor-
mation of each criterion for all candidates provided by experts
e; i1s shown in Table I'V.

Take BF and BW as an example, which is V B with the
probability of 0.8, and the probability of all possibilities is 0.2
given by expert e;.

(D) Using Step 1(I), the QMs of candidates can be obtained.
Table V represents the QM given by experts e, es, and es.
The first column represents the experts e;, the second column
represents the candidates, and the rest of the columns represent
criteria. Taking the PW and BF' given ey in Table V as an
example, the QM of V B is v/0.57¢7270-2 and the QM of O is
1/0.43¢7270:6

(IT) Fuse all information by using the weights of experts to
get the new QM, as shown Table VI. Taking PW of BF' as an
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TABLE IT
IMPORTANCE OF EXPERTS
Expert Linguistic terms  Probability
el VLI 0.9
€2 LM 0.7
es3 I 0.8

example, the specific steps are shown as follows:

3
M(VB) = Z% -M;(VB),M(©) = Z%

-M;(©)

where ; represents the weight of expert, and M; represents the
information given by different experts. The results of fusion are
M(V B) = v/0.61e72™92 and M(©) = 1/0.39¢7270:6,

(III) Use the new QM to get QPFET. Use the new QM to
generate the QPFET by the proposed method, as shown in
Table VII.

Step 3: Evaluation weights of criteria. There is some informa-
tion about criteria obtained from experts e;, es, and e3, which
is shown in Table VIII.

(I) Obtain M of criterion from experts. M of criterion from
experts can be obtained by using Step 1(I), as shown in Table IX.

(II) Fuse M; to generate the new M,,. Next, use (29) to
obtain the fused QMs, which are shown in the second column
of Table X.

(III) Use the fused M, to generate the QPFET. PM is shown
in the third column of Table X.

(IV) Calculate the weight of criteria w,, by using (27), as
shown in Table X.

Step 4: Construct the score matrix. The score matrix of
candidates can be shown in Table XI.

Take PM of PW and BF as an example to explain the
computation of score function by using (28)

Gppy =0.2-(0.61% — 0.43% 4+ 0.2 — 0.10%)
+0.6-(0.39% — 0.57% + 0.6% — 0.03%) = 0.1552

where 0.2 represents the importance of V' B, and 0.6 represents
the importance of ©.

Step 5: Identify the best and worst values. Take PW as an
example to get the best value G;W by using (30)

G by = max; Gy, = 2.1558.

The worst value G;W can be computed by using (31) as
follows:

G pyy = min; Gy = 0.1552.

Hence, the best and worst values for the individual criterion
can be shown in Table XII.

Step 6: Determine S, R, and Q. Using the above best
and worst values, S, R, and Q can be obtained as shown in
Table XIII.

Taking the BF' as an example, Spr, Rpr, and Qpp are
computed as follows. The calculation for Q is performed by
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TABLE III
M, PM, AND WEIGHTS OF EXPERTS

M PM Weight
. My (VI,I) = 1/0.93¢3270.9 PMy (VI 1) = [\/@6]2%-0.97 V/0.07¢d27:0-40_ mejamo.ls} 041
M, (©) = /0.07ei270.6 PM;1(©) = [v/0.07e27°0:6 /07732708 /() Gded 27001
. Mo (I, M) = V/0.73¢d 2w 0.7 PMo (I, M) = [mej-Zw»O.77 \/@ejaw-o.n7 mej-%r»0.0S] 025
M2(@) — mej'2”'0'6 PMz(@) — [\/mejamo.q Mej'Q"'O‘SO, mej-Qﬂ”0.0Q} '
Ms(I) = /0.84¢i 2708 PMs(I) = [meg‘aw-os’ V0.22¢3270.59 \/mej»zw-als] 033

€ . . . .
’ M;3(©) = 1/0.16¢7270-6 PM3(0) = [v/0.16e7 2706 \/0.85¢727:0-80 /(.51 270.01)

TABLE IV
PERFORMANCE OF CANDIDATES CORRESPONDING TO CRITERIA

Expert  Criteria  Candidate  Linguistic terms  Probability = Criteria ~ Candidate  Linguistic terms  Probability
The information given by expert el

BF VB 0.8 BF VG,G 0.9

HD M,G 0.7 HD M.,B 0.8

e1 PW BM VG 0.9 OoP BM VG,G 0.9

WP M,G 0.7 WP M,B 0.8

ST VG,G 0.9 ST M,B 0.7

BF VG 0.9 BF M.,G 0.9

HD M,B 0.8 HD G, M,B 0.8

e1 CO» BM VG,G 0.9 1V BM G,M,B 0.8

WP G, M,B 0.8 WP M.,G 0.7

ST B 0.7 ST VG,G 0.9

The information given by expert e2

BF VB 0.9 BF VG,G 0.9

HD M,G 0.7 HD VB 0.8

e2 PW BM VG 0.9 OoP BM VG 0.9

WP G,M,B 0.8 WP B 0.7

ST VG 0.9 ST M.B 0.8

BF VG 0.9 BF M,G 0.7

HD VB 0.8 HD M.,B 0.8

e2 CO» BM VG 0.9 1V BM M,G 0.7

WP B.G 0.7 WP M,G 0.9

ST M.,B 0.9 ST VG 0.9

The information given by expert e3

BF VB 0.8 BF VG 0.9

HD M,G 0.7 HD M.,B 0.9

es PW BM VG 0.9 OoP BM VG 0.8

WP G,M,B 0.8 WP B 0.7

ST VG,G 0.9 ST M.B 0.7

BF VG 0.9 BF M,G 0.9

HD M,B 0.8 HD M.,B 0.8

e3 CO» BM VG 0.9 CO»2 BM M,G 0.7

WP VG,G 0.9 WP M,G 0.7

ST M.,B 0.8 ST VG 0.9
taking v = 0.5: Step 7: Rank the candidates. The ranking order of candidates
accordingto S, R, Q ascending order can be obtained as follows.
S 0.32 2.1558 — 0.1552 Analyzing Table XIV, it can be seen that BM has better

BE = 2.1558 — 0.1552 * performance than other candidates.

2.1203 — 0.7519 In QPFET-VIKOR, the uncertainty can be fully considered
+0.09 - 21203 — 05593 under the frame of quantum. The QM can express the hesitant
' ' state of mind, which is consistent with human thinking. QPFET
= 0.3200 + 0.1163 +- 0.0749 + 0.0789 = 0.5901 can better consider the fuzziness of information based on the

Rpr = max{0.3200,0.1163,0.0749,0.0789} = 0.3300 proposed negation. Besides, the phase angle of quantum proba-
bility can easily describe the information from different angles

Opp =0.5- 0.5856 — 0.1626 at the same time. The amplitude and the phase angle can be
0.8878 — 0.1626 aggregated to specific values, which can help us better analyze
105 0.3300 —0.0970 0.7033 the problems. Moreover, the QPFET-VIKOR can consider not

" 0.3800 — 0.0970 only the positive and negative aspects of information, but also the
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TABLE V

M OF EXPERTS

PW (0)3 COq v

BE M(V B) = 1/0.57¢7 2702 M(VG,G) = +/0.93¢7270:9 M(VG) = 1/0.94e7 271 M(M,G) = +/0.91ei 2707
M(©) = +/0.43¢3-270-6 M(©) = +/0.07ed 270.6 M(©) = v/0.06¢7270-6 M(©) = 1/0.09¢7-270-6

HD M(M, G) = 1/0.73¢7270-7 M(M, B) = v/0.77¢i270:5 M(B, M) = /0.77¢32705  M(G, M, B) = 1/0.8¢J'270-6

M(@) — \/mej-Qw-O.G M(@) — me]&w-o.ﬁ M(@) — me]‘aw-&ﬁ M(@) — \/@ey‘Qw-Oﬁ

i BM M(VG) = v0.94e7 271 M(VG,G) =+10.93¢72709  M(VG,G) = 093¢/ 2™ M(G, M, B) = /0.8¢7270:6
M(©) = v/0.06¢7270- M(©) = /0.07e/270:6 M(©) = +/0.07es270-6 M(©) = v/0.20e7270-6

wp MOMG) = V0.73e3270-T  M(M, B) = V0.77¢72705  M(G, M, B) = V0.8¢7 2706 M(M,G) = +/0.73¢7 2707
M(©) = 1/0.27¢J:270.6 M(©) = +/0.23¢7:27°0-6 M(©) = 1/0.20¢7:2706 M(©) = /0.27¢i27:0.6

gr MVG.G) = v0.93¢7:270-9  M(M, B) = v/0.66¢7 2705 M(B) = v/0.61ed-270:4 M(VG, G) = v/0.93¢7-270-9
M(©) = 1/0.07¢J-270.6 M(©) = /0.33¢27:0:6 M(©) = 1/0.39¢7:270:6 M(©) = /0.07¢i270-6

BF M(V B) = 1/0.73¢1270-2 M(VG,G) = 1/0.93e7 2709 M(VG) = 1/0.94¢7 271 M(M, G) = 1/0.73¢7 2707
M(©) = V0.2727¢ 2706 M(©) = v/0.07ei 2706 M(6) = +/0.06¢7270-6 M(O) = +/0.27¢7 2706

HD M(M, G) = 1/0.73¢3270-7 M(V B) = 1/0.57¢ 270-2 M(V B) = /0.57¢i270-2 M(M, B) = v/0.77¢i27:0:5
M(@) = 1/0.27¢7:2m0.6 M(@) — mejawo.ﬁ M(@) — mejawﬂﬁ M(©) = mejaw-o.e

s BM M(VG) = /0.94e7271 M(VG) = 1/0.94¢7 2709 M(VG) = 1/0.94¢3 271 M(M, G) = 1/0.73¢3270:7
M(@) — mejﬂmr(ls M(@) — \/meijO.G M(@) — meg‘-ZmOﬁ M(@) — \/mej~2ﬂ'-0.6

WP M(G, M, B) = /0.8¢7:270:6 M(B) = +/0.61e7 2704 M(M, G) = +/0.73¢ 2707 M(M, G) = 1/0.91e7270:7
M(@) — Mejﬂmo.s M(@) — mejﬂw»o.ﬁ M(@) — mej»%r-uﬁ M(@) — \/mej-%r»o.ﬁ
ST M(VG) = 1/0.94¢7 271 M(M, B) = +/0.77¢7-270:5 M(M, B) = 1/0.88¢7-270-5 M(VG) = /0.94¢7-271
QM(©) = v/0.06e7270-6 M(©) = v/0.23¢7270.6 M(©) = /0.12¢4-27:0-6 M(©) = +/0.06e7270-6
BE M(V B) = /0.57¢i270-2 M(VG) = 1/0.94¢7 271 M(VG) = 1/0.94¢7 271 M(VG) = +/0.91ed 2707
M(@) — meg‘-zw-o.fi M(@) — me]&w-o.ﬁ M(@) — me]‘-Qw-Oﬁ M(©) = \/mej-%r-o.ﬁ

HD M(M, G) = 1/0.73¢3270-7 M(M, B) = /0.88¢7270:5 M(M, B) = /0.77¢i270:5 M(M, B) = v/0.77¢i 2705
M(0) = 1/0.27¢7-2m:0.6 M(©) = V/0.12¢7:2m:0.6 M(©) = 1/0.23¢7:2m:0.6 M(©) = \/@ejgﬁ‘o'e

o3 BM M(VG) = 1/0.94e7 271 M(VG) = 1/0.87ed 271 M(VG) = +/0.94e7271 M(M,G) = +/0.73¢270-7

M(©) = +/0.06¢7270-6

M(©) = /0.13¢7270-6

M(©) = +/0.06¢7270-6

M(6) = V0. 27el 2706

b M(G, M, B) = /0.8¢7:27:0-6
M(@) — /0.26j»27r<0.6

M(B) = +/0.61¢7:270-4
M(©) = v/0.39¢7-270-6

M(VG,G) = +/0.93¢7 2709
M(©) = +/0.07¢i 2706

M(M,G) = +/0.73¢27:0-7
M(©) = +/0.27¢7-270-6

M(VG,G) = +/0.93¢727:0-9
M(©) = +/0.07¢l 2706

M(M, B) = /0.66¢7270:5
M(O) = 1/0.34¢7 2706

M(M, B) = 1/0.77¢7-270-5
M(©) = /0.23¢7:270-6

M(VG) = v0.94¢d 271
M(©) = /0.06¢7270-6
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different angles of information, which is a flexible and powerful
method to handle the MCDM problem.

D. Discussion

In order to further study the performance of the proposed
method, this section has a discussion about different methods.
Another method cannot consider the information of negation,
which is also based on the VIKOR, namely, QM-VIKOR.
The specific steps of QM-VIKOR are basically consistent with
QPFET-VIKOR; the difference is that the information of nega-
tion is not considered.

The final results of QM-VIKOR are as follows. Table XV
shows S, R, and O of candidates, which is similar to the QPFET-
VIKOR. It can be proved that the QPFET-VIKOR is effective
and reasonable.

Analyzing Table XV, the ranking order of candidates can be
shown in Table XVI.

By analyzing Tables XIV and XV, the final ranking orders are
shown in Fig. 9. The finally ranking order of QPFET-VIKOR

—— QM-VIKOR —®— QPFET-VIKOR
1%
QD
=
B
| Y BF ST WP HD
o0
£
=~
=
I
‘90000
1 2 3 4 5

Fig. 9. Comparison between QM-VIKOR and QPFET-VIKOR.

and QM-VIKOR is similar, which can prove the effectiveness
and reasonableness of QPFET-VIKOR.

By comparing the results of QM-VIKOR, it can be seen
that BM has better performance than other candidates, which
is similar to the results of QPFET-VIKOR. Besides, it can
be seen that BF' is the second candidate in R and QO of
QM-VIKOR. Hence, we take BF' as the second candidate.
Similarly, W P is the fourth candidate by analyzing S, R,

Authorized licensed use limited to: ULAKBIM UASL - DOKUZ EYLUL UNIVERSITESI. Downloaded on October 28,2022 at 12:58:09 UTC from IEEE Xplore. Restrictions apply.
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TABLE VI
M OF FUSING ALL EXPERTS

Op

CO2

v

M(VG) = 0.94¢7271
M(©) = +/0.06e7270-6

M(VG) = 0.94e7-271
M(©) = 1/0.06e270-6

M(M, G) = +/0.87¢7 2707
M(O) = v/0.13¢7270:6

M(M, B) = \/0.61e7270:5
M(V B) = /0.14¢7270-2
M(©) = 1/0.24¢7 2706

M(M, B) = /0.57¢7 2705
M(V B) = \/0.14¢727:0-2
M(0) = /0.28¢7270-6

M(G, M, B) = 1/0.33¢7-27°0-6
M(M, B) = +/0.45¢3-270-5
M(6) = V0.22¢7 2706

M(VG,G) = /0.39¢727:0-9
M(VG) = +/0.53e7 271
M(©) = /0.09¢-270-6

M(VG,G) = +/0.39¢7 2709
M(VG) = +/0.55¢7 271
M(©) = 1/0.07eI 2706

M(M, G) = \/0.43¢5 2707
M(G, M, B) = 1/0.33¢/270:6
M(©) = V/0.24¢3-270.6

M(M, B) = 1/0.32¢7-270-5
M(B) = v/0.36¢72m0-4

M(G, M, B) = 1/0.33¢7:270:6
M(M, G) = v/0.18¢J270-7

M(M,G) = +/0.78¢7-270-7
M(©) = /0.22¢7-27°0-6

M(6) = V0,327 27 0:6

M(VG,G) = /0.31e7270-9
M(©) = 1/0.17¢i270-6

M(M, B) = v/0.66¢7-270-5
M(©) = v/0.34ed270-6

M(M, B) = +/0.48¢7-270-5
M(B) = v/0.25¢7-270-4
M(©) = +/0.27¢7270-6

M(VG,G) = /0.39¢7270-9
M(VG) = +/0.55¢3 271
M(©) = +/0.07eJ270-6

TABLE VII
PPM oF CANDIDATES CORRESPONDING TO CRITERIA

Criteria (OP)

PM(VG) = [v0.94e7 271 \/0.34e7270 1/0.06e727"0]
IP’M((—)) — [\/me]-zn-o.ﬁ7 \/@ﬁj-zw-o.gn7 mej-zw-o.[u]

PM(M, B) = [v/0.61e7270-5 /0.67¢l 27087 \/().43¢7270)
PM(V B) = [0.14ed 2702 /0,967 270-98 /(.26 270-02]
PM(O) = [v/0.24¢7 2706 1/0.02¢:270-80 /0 32¢i-270-02)

PM(VG,G) = [v/0.39¢7270:9 \/(.87¢i 2™ 0:43 /(.30 270-05]
PM(VG) = [v0.53¢72™1 1/0.8271e7 270 \/0.20e7270]
PM(©) = [\/@57'2"'0'6, \/m6]~27\'-0.807 \/mej-zw-o.oz]

0'306j-27r~0.04]

PM(M, B) = [V/0.32e7270:5 /(.89 270-8660 /) 341 27 0]
]P’M(B) — [mej.zmo.zz’ \/mej»zmo.gz, \/mej-%r.o.o.a]
PM(0©) = [v/0.32¢7270:6 /.89 270-80 /(337 270-02]

0.676J'27'0'42, \/megaﬂ-u‘lz]

PM(M, B) = [v/0.6663 2705, \/0.50¢ 27057, /5 56¢7 270]
]PM(@) — [\/me]-%r-[).(i? me]a«-o.suy MEJ-ZW-O,UQ]

Criteria (IV)

]P’M(M, G) _ [\/mcjew-(m) \/66j-27r~0.711 \/mejan-o.og]
PM(©) = [v/0.13¢7270:6/0.90e7 2708 /0.42¢7-270-01]

PM(G, M, B) = [v/0.33¢7270:6 \/(.88¢7270-8 /(.33¢1 270.02]
PM(M, B) = [V0.45¢7 2705 /0 81e7 27 0-8 /0 37l 270]
PM(©) = [v/0.22¢7270:6 \/0.93¢7270-80 /() 30¢7 270-02]

PM(G, M, B) = [v/0.33e7:27:0:6 /.88 2708 \/(.33e7270-02]
PM(M, G) = [v0.43¢7270-6/0.83¢727:0-8 \/0.36¢7270-03
PM(0©) = [v0.24e7 2706 1/0.92¢7 2708 /(.31 27 0:02]

0.93¢4°270:43 /[ I8¢ 27004

PM(M, G) = [vV0.78¢72™0-7 /0.31e7270-T1 \/0.55¢7-270:09]
PM(6) = [v0.22¢7 2706 \/0.86¢7270-8 \/0.45¢7 27 0.02]

PW
BE M(V B) = +/0.61e727:0-2
M(0) = 1/0.39¢1 2706
M(M, G) = /0.73¢7270-7
HD  M(M, B) = 1/0.27¢i 27 0.6
M(VG) = v0.94e 271
BM M(©) = /0.06ei:270:6
M(G, M, B) = 1/0.47¢7 2706
WP M(G, M) = v/0.30ei-27-0-7
M(©) = 1/0.23¢27°0-6
M(VG) = /0.27e7271
ST  M(VG,G) = 0.70e7270-9
M(6) = V0.07eI 2706
Criteria (PW)
BF PM(VB) = [V0.61¢7°27°0-2 /0 673 270-97 /0 434 27-0-10]
PM(O) = [v/0.39¢727-0-6 /(). 72¢-27:0-80 /() 5T7d-27-0.03)
PM(M, G) = [v/0.73¢3°270-7 /0 42¢1 27071 /) 53427008
HD PM(O) = [v0.27¢27°0:6 /0 84¢ed 27080 /0 47¢d-270.02]
PM(VG) = [v0.94ei 271 \/0.34e3°270, \/0.06e1-270]
BM PM(©) = [v/0.06e7270-6 \/0.32¢1270-8 \/(.94¢i 270)
PM(M, G) = [v/0.30e7270-7 /0.90¢d 270-T1 |
WP PM(G, M, B) = [V/0.46e270-6 \/(.80e-270-80 /() 38ed-2m0.03]
PM(©) = [v0.23¢7 2706, 1/0.92¢7-270-80 (/0 327 270-02]
PM(VG) = [v0.24e7 271 \/0.92¢7 270 \/0.32¢7270)
ST PM(VG,G) = [V0.70ei 2709,
PM(©) = [\/0.07¢I 2706 /500 270:80 /) ddei 27 0-07)
Criteria (CO2)
BF PM(VG) = [v/0.94e7 271 /0.34e127°0 /0.06e7 270
PM(O) = [v0.06¢7 2706, \/0.32¢7270-8 \/0.96¢I 27 0-01]
PM(M, B) = [/0.57¢) 2705 /07027087 \/0.42¢7270]
HD PM(V B) = [/0.1ded 27 0-6 \/0.06e) 27098 /0 26e7 270-02)
PM(O) = [/0.28e727:0-6 \/().90e7 270-80 \/().33¢7:270-02]
PM(VG, G) = [0.39¢7°270:9 /0 86eI 27-0-43 /() 32¢d27-0-02)
BM PM(VG) = [v055e1 271 \/0.81ei 2708 /020 270
PM(©) = [\/Wer%r-o.(i’ 1/0.88¢7270-8 MEJ'Q’K‘O,OI]
PM(G, M, B) = [/0.33¢7°270:6 /) .89eI-270-8 /0 30ei27-0-04]
wp PMOM.G) = (VO T8eI 2707, /5 0Bed 27071/ 35ed 27-0.02]
PM(VG,G) = [v/0.31ei 2709,
PM(©) = [\/0.17¢I°270:6 /0 05¢7-270:8 /0 26ed 27001
PM(M, B) = [v/0.48¢1:270:5_/0.79¢-27-0-87 /() 38¢-270]
ST

PM(B) = [\/0.25¢7 2704 \/0.02¢1 2709163 /[ 3T d-27-0.02]
PM(©) = [y/0.27¢3 2706 /0 01ed270:8 (/0 31 27:0.02]

PM(VG) = [v0.55¢7 271 1/0.81e7 270 \/0.20e7270"]
PM(VG,G) = [v0.39¢7 2709 /0.86¢7270-43 \/0.32¢1-270:09]
PM(6) = [\/mej-zn-o.ﬁ7 \/mej-zﬂ--(w7 mej-%r-ﬂ.[)l]

TABLE VIII

and Q. HD is the fifth candidate by comparing S and Q.

IMPORTANCE OF CRITERIA GIVEN BY EXPERTS Finally, ST can only be regarded as the third candidate, which

Critera ] ) 3 can different in S, R, and Q. In QPFET-VIKOR, BF is the
PW VI (0.8) VI (0.9) VI (0.9) second candidate by comparing S, R, and Q. ST is the third
OP VLI (0.9) VI (0.8) VI (0.8) candidate by analyzing S and Q. WP can be regarded as the

COy VLI(0.9)  LMUL(0.7)  LMUI (0.8) fourth candidate by comparing S, R, and Q. HD is the fifth
v M,U (0.8) UI (0.8) UI (0.9)

candidate by analyzing & and Q. Therefore, it can be seen

Authorized licensed use limited to: ULAKBIM UASL - DOKUZ EYLUL UNIVERSITESI. Downloaded on October 28,2022 at 12:58:09 UTC from IEEE Xplore. Restrictions apply.
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TABLE IX
M OF CRITERIA ACCORDING TO EXPERTS

M M
My (V1) = 1/0.87e7 271 M;(0) = /0.13¢”/ 2706 My (VI, ) = +/0.93e” 2709 M;(©) = /0.07e’ 2706
PW M2 (VI) = 1/0.94e”7 271 M3 (©) = 1/0.06¢”270-6 OP Mo (VI) = v/0.87¢7 271 Ms(0) = +/0.13¢7:270-6
M;3(VI) = 1/0.87e’ 271 M3(©) = 1/0.13¢/ 2706 M3 (VI) = +/0.87e’ 271 M3(0) = +/0.13¢/270-6
My (VI, 1) = v/0.93e7 2709 M;(0) = +/0.07e/ 2706 My (M, UI) = /0.77¢”? 2705 My (©) = 1/0.23¢7 2706
COsq Mg([, M, UI) — \/(ﬁeJ‘z"'O‘G,Mg(G) — meJ-Q-mO.ES v MQ(UI) — MeJ‘QW‘O"l,MQ(@) = /0.27e/270.6
M3 (I, M,UI) = +/0.8¢7270:6 M3(0) = 1/0.2¢7270-6 M3 (UT) = +/0.86e” 2704 M3(0) = /0.14e”’ 2706

TABLE X
M, PM, AND WEIGHTS OF CRITERIA

M PM Weight
M(VI) = /0.89¢i 271 PM(VI) = [/0.89¢7 271 1/0.45¢7 270 /0.09¢7270)
M(©) = 0.11ei2m0.6 PM(©) = [mejzn-aq \/0.40¢7-27°0-80 \/mej-h.o.m]

M(VI,T) = /0.39¢3-270.9 PM(VI, I) = [\/0.39¢7°270-9 \/0.87¢d 27-0-43 /0 3]s 270.05]

OoP M(VI) = /051271 PM(VI) = [v/0.51e7271 \/0.83e1270 \/0.21e7 27 0] 0.37

M(©) = \/0.10ei 2706 PM(©) = [\/mej-:)vr-o.ﬁ7 V/0.88¢7 27080 mej-Qw-O]
M(VI, ) = +/0.39¢7 2709 PM(VI,T) = [v/0.39¢7 2709 \/0.90e7270-43 /(.22 270-05]
CO2 M(VI,M,I) =+/0.44e7270:6  PVM(VI, M, I) = [/0.44e7 2706 1/0.79¢7-270-80 \/(.43¢7-270-03] 0.23
M(@) — mejamo.fi ]P’M(@) — [mej»%roﬁ’ \/mej»zwo‘so’ \/mej-21r»001]
M(M,UT) = /0.32¢7:270-5 PM(M, UT) = [v/0.32¢7270-5 /0.89¢7 27 0-87 '\ /0.34e7270]
v PM(UT) = /0.47¢i 2704 M(UI) = [V0.47e7270-4 \/0.81e7-270:92 /(.36 27003 0.09
M(©) = /0.21ei27m0.6 PM(©) = [\/(ﬁe]&zw-o,q 1/0.93¢7-27-0.80 \/mej-h-o,oz]

0.32

TABLE XI TABLE XVI
SCORE MATRIX G RANKING OF CANDIDATES BY USING QM-VIKOR

BF HD BM WP ST Ordering
PW  0.1552  0.6417 15679 0.7837  2.1558 S BM -~ ST = BF -~ WP = HD
OP 15679  0.4058  2.1239  0.4025  0.3550 R BM - BF -~ HD = WP = ST
CO2 15679  0.5837 21222 15256  0.4202 Q BM >~ BF »~ ST -~ WP » HD
IV~ 07519 05593 0.6571  0.6770  2.1203
TABLE XII
BEST AND WORST VALUES FOR INDIVIDUAL CRITERION that QPFET-VIKOR is a more effective method to handle the
MCDM.
PW OP CO2 1AY
Gt 2.1558  2.1239 21222 2.1203
G~ 0.1552  0.3550  0.4202  0.5593 V. CONCLUSION
TABLE XIII D-S evidence theory can better express uncertainty, which can

S, R, AND Q OF CANDIDATES be caused by objective lack of complete knowledge or subjective

preferences and biases. However, in most cases, information
can be obtained from different angles at the same time. From
the cognitive analysis, the behavior of people has the inherent
dual property. Hence, expanding D-S evidence into the quantum

BF HD BM WP ST
0.5901  0.8995  0.1784  0.7434  0.6000
0.3200 0.3594  0.0940  0.3601  0.3700
0.6949  0.9807 0 0.8738  0.7923

0A®

TABLE XIV
RANKING OF CANDIDATES

Ordering
BM >~ BF - ST - WP = HD
BM >~ BF - HD >~ WP > ST
BM > BF - ST - WP >~ HD

0A®

TABLE XV
S, R, AND Q OF CANDIDATES BY USING QM-VIKOR

BF HD BM WP ST

S 04744 09082  0.1299  0.7524  0.5796
R 0.3167 0.3665 0.0759  0.3685  0.2237
Q 0.6328  0.9966 0 0.8999  0.5415

Authorized licensed use limited to: ULAKBIM UASL - DOKUZ EYLUL UNIVERSITESI. Downloaded on October 28,2022 at 12:58:09 UTC from IEEE Xplore. Restrictions apply.

framework is essential, which is named QM. The amplitude and
the phase angle of the QM can easily express the properties of
information and simulate human thinking. Besides, everything
in nature will have its negation. For the Bayes theorem, it is
the process of negation. Then, for the QM, what is its negation?
Based on this question, this article proposed the negation of QM,
which can be computed by using subtraction of vectors in the
unit circle. The proposed negation is compatible with Yager’s
negation and Yin et al.’s [49] negation when the QM degener-
ates the probability and mass function, separately. Besides, this
article proposed QPFET based on the proposed negation, where
the probability of QM can be understood as the membership of
event A and the probability after negation can be regarded as the
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nonmembership of event A. Moreover, some numerical exam-
ples were used to explain the proposed method. In order to fur-
ther explore the QPFET, this article proposed QPFET-VIKOR to
handle the MCDM problem. Finally, to prove the effectiveness of
the proposed method, this article can give a discussion between
QM-VIKOR and QPFET-VIKOR.

The main contributions in QPFET are as follows.

1) Itis the novel research to study negation from the view of
vectors, which gives the proposed method a more rigorous
mathematical proof.

2) We use the proposed negation to generate QPFET, which
can build the bridge between the quantum fuzzy set and
the QM.

3) In QPFET-VIKOR, the amplitude and the phase an-
gle can be considered separately when aggregating the
information.

In summary, the proposed negation method and the QPFET
can provide a promising approach to analyze information in the
process of solving decision-making problems.

In the future, the physical meaning of negation should be
further discussed, which can expand negation to more fields. For
the amplitude and the phase angle, how to accurately obtain their
values is a problem of value exploration. Besides, the connection
between phase angle and uncertainty should be studied, which
can help us obtain the more accurate information. How to
measure fuzziness of information under quantum discernment
is also an open issue. Finally, using quantum theory into more
fields has been a problem that needs to be explored for a long
time.

ACKNOWLEDGMENT

The authors would like to greatly appreciate the reviews’
suggestions and the editor’s encouragement.

REFERENCES

[1] C. Gollier and N. Treich, “Decision-making under scientific uncertainty:
The economics of the precautionary principle,” J. Risk Uncertainty, vol.27,
no. 1, pp. 77-103, 2003.

[2] D. Ardila and D. Sornette, “Dating the financial cycle with uncertainty
estimates: A wavelet proposition,” Finance Res. Lett., vol. 19, pp. 298-304,
2016.

[3] J. D. Brown, “Knowledge, uncertainty and physical geography: Towards
the development of methodologies for questioning belief,” Trans. Inst.
Brit. Geographers, vol. 29, no. 3, pp. 367-381, 2004.

[4] M. Tomamichel and R. Renner, “Uncertainty relation for smooth en-
tropies,” Phys. Rev. Lett., vol. 106, no. 11, 2011, Art. no. 110506.

[5] Y. Song, Q. Fu, Y.-F. Wang, and X. Wang, “Divergence-based cross
entropy and uncertainty measures of Atanassov’s intuitionistic fuzzy sets
with their application in decision making,” Appl. Soft Comput. vol. 84,
2019, Art. no. 105703.

[6] R.R. Yager, “Using fuzzy measures for modeling human perception of
uncertainty in artificial intelligence,” Eng. Appl. Artif. Intell., vol. 87,
2020, Art. no. 103228.

[7] G. Harish, “New ranking method for normal intuitionistic sets under crisp,
interval environments and its applications to multiple attribute decision
making process,” Complex Intell. Syst., vol. 6, no. 3, pp. 559-571, 2020.

[8] V.I. Yukalov and D. Sornette, “Physics of risk and uncertainty in quantum
decision making,” Eur. Phys. J. B, vol. 71, no. 4, pp. 533-548, 2009.

[9] R.R. Yager, “Ordinal scale based uncertainty models for Al,” Inf. Fusion,

vol. 64, pp. 92-98, 2020.

Y. Deng, “Information volume of mass function,” Int. J. Comput. Commun.

Control, vol. 15 no. 6, 2020, Art. no. 3983.

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]

[28]

[29]

[30]
[31]

[32]

[33]

[36]

[37]
[38]
[39]

[40]

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 30, NO. 5, MAY 2022

R. Durrett, Probability: Theory and Examples, vol. 49. Cambridge, U.K.:
Cambridge Univ. Press, 2019.

L. A. Zadeh, “Fuzzy sets,” Inf. Control, vol. 8, no. 3, pp. 338-353, 1965.
G. Shafer, “A Mathematical Theory of Evidence, vol. 42. Princeton, NJ,
USA: Princeton Univ. Press, 1976.

A. P. Dempster, “Upper and lower probabilities induced by a multivalued
mapping,” Ann. Math. Statist., vol. 38, no. 2, pp. 325-339, 1967.

L. Pan and Y. Deng, “Probability transform based on the ordered weighted
averaging and entropy difference,” Int. J. Comput. Commun. Control,
vol. 15 no. 4, 2020, Art. no. 3743.

Y. Deng, “Uncertainty measure in evidence theory,” Sci. China Inf. Sci.,
vol. 63 no.11, 2020, Art. no. 210201.

I. B. Torres, A. Riba, and J.-B. Yang, “Analytical tool adoption level: A
case study based on an evidential reasoning approach,” Int. J. Transitions
Innov. Syst., vol. 4, nos. 1/2, pp. 22-42, 2015.

Y. Song, J. Zhu, L. Lei, and X. Wang, “Self-adaptive combination method
for temporal evidence based on negotiation strategy,” Sci. China Inf. Sci.,
vol. 63, no. 11, pp. 1-13, 2020.

F. Xiao, “A new divergence measure for belief functions in D-S evidence
theory for multisensor data fusion,” Inf. Sci., vol. 514, pp. 462-483, 2020.
F. Liu and Y. Deng, “Determine the number of unknown targets in open
world based on elbow method,” IEEE Trans. Fuzzy Syst., to be published,
doi: 10.1109/TFUZZ.2020.2966182.

Z. Liu, X. Zhang, J. Niu, and J. Dezert, “Combination of classifiers with
different frames of discernment based on belief functions, IEEE Trans.
Fuzzy Syst., to be published, doi: 10.1109/TFUZZ.2020.2985332.

G. L. Prajapati and R. Saha, “REEDS: Relevance and enhanced entropy
based Dempster Shafer approach for next word prediction using language
model,” J. Comput. Sci., vol. 35, pp. 1-11, 2019.

J. Zhao and Y. Deng, “Complex network modeling of ev-
idence theory,” IEEE Trans. Fuzzy Syst, to be published,
doi: 10.1109/TFUZZ.2020.3023760.

L. Huang, Z. Liu, Q. Pan, and J. Dezert, “Evidential combination of
augmented multi-source of information based on domain adaptation,” Sci.
China Inf. Sci., vol. 63, no. 11, pp. 1-14, 2020.

X. Gao and Y. Deng, “The pseudo-Pascal triangle of maximum Deng
entropy,” Int. J. Comput. Commun. Control, vol. 15 no. 1, 2020,
Art. no. 1006.

F. Xiao, “Generalization of Dempster-Shafer theory: A complex mass
function,” Appl. Intell., vol. 50, pp. 3266-3275, 2019.

P. A. Meyer, Quantum Probability for Probabilists. Berlin, Germany:
Springer, 2006.

A. Vourdas, “Quantum probabilities as Dempster-Shafer probabili-
ties in the lattice of subspaces,” J. Math. Phys., vol. 55, no. 8,
2014, Art. no. 082107.

J. Dai and Y. Deng, “A new method to predict the interference
effect in quantum-like Bayesian networks,” Soft Comput., vol. 24,
pp. 10287-10294, 2020.

A. Hentschel and B. C. Sanders, “Machine learning for precise quantum
measurement,” Phys. Rev. Lett., vol. 104, no. 6, 2010, Art. no. 0 63603.
V. Yukalov, “Quantifying entanglement production of quantum opera-
tions,” Phys. Rev. A, vol. 68 no. 2, 2003, Art. no. 0 22109.

C. Moreira, P. Tiwari, H. M. Pandey, P. Bruza, and A. Wichert, “Quantum-
like influence diagrams for decision-making,” Neural Netw., vol. 132,
pp. 190-210, 2020.

Z.He and W. Jiang, “An evidential dynamical model to predict the interfer-
ence effect of categorization on decision making results,” Knowl.-Based
Syst., vol. 150, pp. 139-149, 2018.

A. Vourdas, “Non-additive probabilities and quantum logic in finite quan-
tum systems,” J. Phys.: Conf. Ser., vol. 597, no. 1, 2015, Art. no. 0 12073.
A. Vourdas, “Lower and upper probabilities in the distributive lat-
tice of subsystems,” J. Phys. A: Math. Theor., vol. 47, no. 34,
2014, Art. no. 345203.

A. Vourdas, “Mobius operators and non-additive quantum probabilities
in the Birkhoff-von Neumann lattice,” J. Geometry Phys., vol. 101,
pp. 38-51, 2016.

F. Xiao, “Generalized belief function in complex evidence theory,” J. Intell.
Fuzzy Syst., vol. 38, no. 4, pp. 3665-3673, 2020.

X. Gao and Y. Deng, “Quantum model of mass function,” Int. J. Intell.
Syst., vol. vol. 2, no. 35, pp. 267-282, 2019.

D. W. Cohen, “An Introduction to Hilbert Space and Quantum Logic.
Berlin, Germany: Springer, 2012.

V. I. Yukalov, E. P. Yukalova, and D. Sornette, “Information processing
by networks of quantum decision makers,” Phys. A. Statist. Mech. Appl.,
vol. 492, 2018 pp. 747-766.

Authorized licensed use limited to: ULAKBIM UASL - DOKUZ EYLUL UNIVERSITESI. Downloaded on October 28,2022 at 12:58:09 UTC from IEEE Xplore. Restrictions apply.


https://dx.doi.org/10.1109/TFUZZ.2020.2966182
https://dx.doi.org/10.1109/TFUZZ.2020.2985332.
https://dx.doi.org/10.1109/TFUZZ.2020.3023760

GAO et al.: QUANTUM PYTHAGOREAN FUZZY EVIDENCE THEORY: A NEGATION OF QUANTUM MASS FUNCTION VIEW

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

Authorized licensed use limited to: ULAKBIM UASL - DOKUZ EYLUL UNIVERSITESI. Downloaded on October 28,2022 at 12:58:09 UTC from IEEE Xplore. Restrictions apply.

K. Kunen, “Negation in logic programming,” J. Log. Program., vol. 4,
no. 4, pp. 289-308, 1987.

V. Penchev, “Choice, Infinity, and Negation: Both set-theory and
quantum-information viewpoints to negation,” to be published, doi:
10.31235/0sf.i0/7hjgm.

T. A. Louis, Empirical Bayes Methods. Atlanta, GA, USA: Amer. Cancer
Soc., 2006.

X. Deng and W. Jiang, “On the negation of a Dempster-Shafer belief
structure based on maximum uncertainty allocation,” Inf. Sci., vol. 516,
pp. 346-352, 2020.

K. Anjaria, “Negation and entropy: Effectual knowledge management
equipment for learning organizations,” Expert Syst. Appl., vol. 157,
2020 Art. no. 113497.

J. Zhang, R. Liu, J. Zhang, and B. Kang, “Extension of Yager’s negation
of a probability distribution based on Tsallis entropy,” Int. J. Intell. Syst.,
vol. 35, no. 1, pp. 72-84, 2020.

Z. Cao et al., “Extraction of SSVEPs-based inherent fuzzy entropy using
a wearable headband EEG in migraine patients, I[EEE Trans. Fuzzy Syst.,
vol. 28, no. 1, pp. 14-27, Jan. 2020.

R. R. Yager, “On the maximum entropy negation of a probability dis-
tribution,” IEEE Trans. Fuzzy Syst., vol. 23, no. 5, pp. 1899-1902,
Oct. 2015.

L. Yin, X. Deng, and Y. Deng, “The negation of a basic probability assign-
ment,” IEEE Trans. Fuzzy Syst., vol. 27, no. 1, pp. 135-143, Jan. 2019.
C. Torres-Blanc, S. Cubillo, and P. Herndndez-Varela, “New negations on
the membership functions of type-2 fuzzy sets,” IEEE Trans. Fuzzy Syst.,
vol. 27, no. 7, pp. 1397-1406, Jul. 2019.

A. Srivastava and S. Maheshwari, “Some new properties of negation of a
probability distribution,” Int. J. Intell. Syst., vol. 33, no. 6, pp. 1133-1145,
2018.

A. Srivastava and L. Kaur, “Uncertainty and negation-information theo-
retic applications,” Int. J. Intell. Syst., vol. 34, no. 6, pp. 1248-1260, 2019.
Q. Liu, H. Cui, Y. Tian, and B. Kang, “On the negation of discrete z-
numbers,” Inf. Sci., vol. 537, pp. 18-29, 2020 .

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

1327

S. Hamidreza, H. Askhan, and M. Luis, “R-sets, comprehensive fuzzy
sets risk modeling for risk-based information fusion and decision-making,
IEEE Trans. Fuzzy Syst., vol. 29, no. 2, pp. 385-399, Feb. 2021.

S. Niroomand, H. Garg, and A. Mahmoodirad, “An intuitionistic fuzzy
two stage supply chain network design problem with multi-mode demand
and multi-mode transportation,” ISA Trans., vol. 107, pp. 117-133, 2020.
Z. Liao, H. Liao, M. Tang, A. Al-Barakati, and C. Llopis-Albert, “A Cho-
quet integral-based hesitant fuzzy gained and lost dominance score method
for multi-criteria group decision making considering the risk preferences of
experts: Case study of higher business education evaluation,” Inf. Fusion,
vol. 62, pp. 121-133, 2020.

R. R. Yager and A. M. Abbasov, “Pythagorean membership grades,
complex numbers, and decision making,” Int. J. Intell. Syst., vol. 28,
pp. 436452, 2013.

R. R. Yager, “Pythagorean membership grades in multicriteria decision
making,” IEEE Trans. Fuzzy Syst., vol. 22, no. 4, pp. 958-965, Aug. 2014.
Q. Fu, Y. Song, C.-L.Fan, L. Lei, and X. Wang, “Evidential model for
intuitionistic fuzzy multi-attribute group decision making,” Soft Comput.,
vol. 24, no. 10, pp. 7615-7635, 2020.

X. Ma, M. Akram, K. Zahid, and J. C. R. Alcantud, “Group decision-
making framework using complex pythagorean fuzzy information,” Neural
Comput. Appl., to be published, doi: 10.1007/s00521-020-05100-5.

S. Opricovic and G. Tzeng, “Compromise solution by MCDM methods: A
comparative analysis of VIKOR and TOPSIS,” Eur. J. Oper. Res., vol. 156,
no. 2, pp. 445-455, 2004.

J. R. San Cristébal, “Multi-criteria decision-making in the selection of a
renewable energy project in Spain: The VIKOR method,” Renew. Energy,
vol. 36, pp. 498-502, 2011.

F. Xiao, “EFMCDM: Evidential fuzzy multicriteria decision making based
on belief entropy,” IEEE Trans. Fuzzy Syst., vol. 28, no. 7, pp. 1477-1491,
Jul. 2020.

F. Xiao, “CED: A distance for complex mass functions,”
IEEE Trans. Neural Netw. Learn. Syst., to be published, doi:
10.1109/TNNLS.2020.2984918.


https://dx.doi.org/10.31235/osf.io/7hjgm
https://dx.doi.org/10.1007/s00521-020-05100-5
https://dx.doi.org/10.1109/TNNLS.2020.2984918


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


