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ABSTRACT In this article, we consider the filtering problem of an optical parametric oscillator (OPO).
The OPO pump power may fluctuate due to environmental disturbances, resulting in uncertainty in the
system modeling. Thus, both the state and the unknown parameter may need to be estimated simultaneously.
We formulate this problem using a state-space representation of the OPO dynamics. Under the assumption
of Gaussianity and proper constraints, the dual Kalman filter method and the joint extended Kalman filter
method are employed to simultaneously estimate the system state and the pump power. Numerical examples

demonstrate the effectiveness of the proposed algorithms.

INDEX TERMS Optical parametric oscillator (OPO), OPO system, parameter estimation, quantum state

estimation, simultaneous estimation.

I. INTRODUCTION

Quantum estimation is at the heart of many research areas
including quantum control, quantum computation, and quan-
tum metrology [1]-[4]. In quantum state estimation, the aim
is to estimate the state of a quantum system given measure-
ment data. Various studies have been presented on both static
state estimation and the tracking of a dynamical quantum
state [1], [2]. For a quantum state estimation problem, we
usually assume that the system is well modeled. However,
disturbances due to environmental fluctuations or experimen-
tal settings may lead to inaccuracies in system modeling [5].
Thus, various studies have been done on parameter estima-
tion, which aims to estimate unknown parameters in the sys-
tem modeling from obtained information [6]-[11]. Further
studies considered that both the state and parameters in a
system model should be estimated simultaneously, motivated
by either the need to estimate the system state robustly or
to estimate the parameters of interest. Simultaneous state-
parameter estimation has potential applications in modeling,
identification, and prediction [12]-[17].
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In quantum research, the simultaneous state-parameter es-
timation problem may also have potential applications in the
detection of a classical field by using a quantum sensor and in
robust quantum state estimation [18]—-[24]. A series of works
on the state-parameter estimation of a quantum system have
already been presented [19]-[24]. For example, in [19] and
[20], the authors modeled the unknown parameter by using a
quantum analog system. The works in [22]-[24] employed
the quantum-classical Bayesian inference method to solve
fault-tolerant quantum estimation problems.

In this article, we employ classical filtering theory for the
state-parameter estimation of a quantum system to provide
more flexibility on the choice of filtering methods. We con-
sider a nondegenerate optical parametric oscillator (OPO)
system, which is one of the most interesting and widely
used devices in quantum optics [25]. The pump power, a key
parameter of an OPO system, may fluctuate due to two in-
fluences: unwanted disturbances from environmental noise;
or by design the pump power is subject to an external sig-
nal of interest [5], [18]. In classical filtering theory, several
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algorithms have been proposed for simultaneous state-
parameter estimation problems. For example, the dual
Kalman filter (dual-KF) method was first proposed in [12]
for linear systems and then developed for nonlinear systems
in [13] and [14]. The joint extended Kalman filter (joint-
EKF) [15], [16] combines the quantum state and the un-
known pump power into a single joint vector. Thus, the com-
bined system becomes nonlinear and the extended Kalman
filter (EKF) is used to linearize the system. Based on existing
works [15], [16], [26], the joint-EKF is usually expected to
be on average more economic than the dual-KF while it may
suffer to the divergence problem. Moreover, the joint-EKF is
often more sensitive to factors that increase the estimation
error due to the approximation procedure imposed by the
linearization of the EKF.

Note that classical filtering theory can not be applied to
a quantum system directly since the quantum conditional
expectation can not be defined properly in a classical proba-
bility space due to the uncertainty principle. However, we can
find an equivalent classical problem under the assumption
that the system is linear Gaussian and with proper constraints
on the classical analog system. Thus, both the dual-KF and
the joint-EKF can be employed to update estimates of both
the state and the unknown parameter. Our main contribution
is to formulate the state-space representation for an OPO sys-
tem, map the quantum filtering problem to its classical analog
and demonstrate the efficacy of the two employed methods
for the OPO system with a dynamic parameter. Numerical
results show that both the dual-KF and the joint-EKF can
achieve state-parameter estimation with better performance
compared to the case where no filter algorithm is applied to
the unknown parameter.

This article is organized as follows. In Section II, we for-
mulate the system dynamics of an OPO system using state-
space representation. In Section III, we first present analysis
on a quantum filter and its classical analog. The dynam-
ics of the time-varying pump power are given. Then, the
dual-KF method and the joint-EKF method are employed for
the simultaneous state-parameter estimation. In Section IV,
we investigate the performance of the employed algorithms.
Section V concludes the article.

Il. STATE-SPACE REPRESENTATION OF AN OPO SYSTEM
WITH HOMODYNE MEASUREMENT

We consider an OPO system consisting of a cavity and a
nonlinear medium where the nonlinear effects caused by the
medium can be enhanced by the cavity [25]. In this section,
we describe the dynamics of the OPO system using a state-
space representation.

The cavity has two input—output channels, which is a com-
mon configuration in experiment [25]. The first channel with
decay rate y; goes to the measurement. Here, a beamsplitter
is added to represent the inevitable measurement loss and
noise (see Fig. 1). The second channel with decay rate y»
is often used to model the loss inside the cavity. The total
decay rate is y = y1 + y».
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FIGURE 1. Schematic of an OPO system. The cavity contains four mirrors
and a nonlinear medium (the gray square inside the cavity). The red line
is abstract representation of the cavity mode. There are two inputs a,
and @, and the corresponding outputs @, and @, . The output @, of
the cavity is fed into a beamsplitter, which yields two beams @, and d,;.
do is vacuum noise.

A nonlinear medium can be characterized by the following
Hamiltonian:

. XN A2 A
Hyy = ihx (b @ —at b) (1)

where 4 is the annihilation operator of the cavity and b is the
annihilation operator of the pump beam. The coefficients y is
the second-order susceptibilities of the crystal medium [25].
Therefore, the dynamics of the nonlinear medium is

a=—2xa'b. )

Under the condition of strong pump, one can replace the
operator bin (2) by the c-number (b) where (-) indicates
the quantum expectation [29]. We define the amplitude of
pump € as € = —2y (b)e“r' where w), indicates the angular
frequency of the pump.

It can be seen that € depends on both the nonlinear medium
and the pump power [25]. Therefore, the Hamiltonian of the
OPO system can be given as

A

H = I:Isys + ﬁinz

Hyys = hwya’a
2 1. Ziwpt (A1) * iwpt A2
H;,, = Elﬁ ce ' (a ) — €t e q 3)

where w, is the cavity resonance angular frequency [25]. We
assume that the pump and cavity are tuned so that w, = 2w,
[27]. We move to a rotating frame and the dynamics of d are
as follows:

dé = (eaﬂ - yd) dt + 2pdA; + /2y,dAs
dit = (e*a - ycf) dt +2y1dAT + 2p0dAS. (4

Here, we use the corresponding differential form to represent
the noises (e.g., dA| = a,dr). In this article, we are only
interested in the amplitude € of the pump power.

The system consisting of the OPO and the beamsplitter can
be regarded as a 3-input-3-output system with corresponding
inputs dy, dp, d; and outputs d,,, d;p, djc.. The input—output

relation of the system is
Aour = 2]/1& —dy
Qe = /2724 — @3

= NTapy — 1T — Ty (5)
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where T € [0, 1] is the transmittance of the beam splitter,
which corresponds to the measurement efficiency. Let § and
p denote the quadratures

qz\/g(&ﬂi") pz—i\/g(a—a*). ©6)

Assume that the following Homodyne measurement is ap-
plied (see Appendix A):

2
yz\/% (w/ZTqucos O +~/2T 71 P sin Oy —/1—T o cOS Oy

—+/1 = Tpgsinb,, — «/7471 cos Oy — ﬁﬁl sin9m>
@)

where 6,, is the phase of the Homodyne measurement.

Let £ = (g, p)T denote the system state. The dynamics of
X and the measurement ¥ can be described by the following
state-space equations:

d% = ARdt + Bdb
$dt = Cidt + Mdp 8)

where

s Vi[v7 0 vm 0 00
0 im0 7m0 0

IT
cC=2 % (cos 6, sin 9,n>
T

VT cos O
JT sin 6,
2 0
h 0
V1 =T cos b6,
1 =T sin6,,

div = (dd) din dis dbg dis dig)” . )

The quantum covariance of two operator vectors 01 and 0, is
defined as

Cov (01, 67) = %<616§ 4 (525{)T> — 61 (07, (10)
Denote the correlation matrices as
Ddt = Cov(Bdb, Bd?d)
r'’dr = Cov(Bdd, Mdb)
Rdt = Cov(Mdd, Md?b). (11)

Let V denote the covariance matrix V = Cov(%, X). Then, the
Heisenberg uncertainty principle [28] gives

1
det(V) = (g, P) . (12)
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Since the commutation relation of quadratures gives [§, p] =
ih, the uncertainty principle (12) reads

hZ
det(V) > T (13)
which can be rewritten as
ihX
where Xy = —i[X, £7] is called the symplectic matrix [2]. In

our case, the symplectic matrix is

0 1
E:(_l 0) s5)

i
V+h g 2] >0. (16)
50

11l. FILTER FOR BOTH THE STATE AND THE
TIME-VARYING PUMP POWER

In this section, we consider the situation where the pump
power € is a random process. To achieve the simultaneous
state-parameter estimation, we first provide standard quan-
tum filter for the system state. Then, we combine the state
filter and the classical parameter filter after an explanation of
the existence of a classical analog to our quantum filtering
problem.

Given the dynamics of the OPO system in (8), a filtered
quantum state conditioned on a measurement record can be
obtained by using quantum filtering theory [29]. However,
the estimation of the classical pump power and the quan-
tum state can not be unified due to the difference between
quantum and classical mechanics. Fortunately, there exists
a classical analog of the quantum filtering equations given
that the quantum system is linear Gaussian [2], [30], [31].
We first provide a treatment on the equivalence of a quantum
conditioned state and its classical analog. Then, the dual-KF
method and joint-EKF method are employed to solve the
simultaneous state-parameter filtering problem based on the
quantum-classical equivalence.

which yields

A. FILTER FOR THE STATE

Given the system Hamiltonian in (3) and the measurement in
(7), the conditioned dynamics of the system can be obtained
by using the standard quantum filtering theory [29]. Mean-
while, a quantum state can also be characterized by a Wigner
distribution which is a pseudo-probability distribution in the
phase space over a classical configuration corresponding to
the quantum configuration [2]. The Wigner function appears
like a joint classical probability distribution in classical cases.
A quantum system can be described as a linear Gaussian
system if its Wigner function is Gaussian and dynamics are
linear. The Wigner function is positive-definite for a Gaus-
sian quantum state while it can be negative for general quan-
tum states. For a linear quantum system, the Gaussianity can
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be preserved since future states are linear combinations of
the initial Gaussian state. Therefore, the dynamics of the
system (8) are completely described by the time evolution
of the first and second statistical moments of the quadrature
coordinates [2], [31]-[33]. In our case, the moments of the
unconditioned Gaussian state are as follows:

d(R) = AR)dr
av
— =AV+VA+D. (17)

Since the state-space equations (8) are linear, with the as-
sumption that the initial state is Gaussian, the conditioned
state remains a Gaussian state with the following mo-
ments [2], [34]:

d{f)e = A®)dt + (V.C" +TT)R™'dw

dV,

o =AVe+ VAT +D — (V.CT + TT)RTN(CV, +T)

(18)

where dw = ydt — C(X).dt is the innovation. Here, the sub-
script ¢ means the quantity is conditioned on a measurement
record.

Note that both (8) and (18) are isomorphic to those of
a classical linear Gaussian system. Then, we can find the
following classical system analog to the system (8) [2]:

dx = Axdt + Bdv
ydt = Cxdt + Mdv (19)

where x = (g, p)" is a vector of classical random variables
and y is a classical random variable. v is a classical Wiener
process. The coefficient matrices are given in (9).

Here, we present the main restrictions applied to the clas-
sical system (19) inherited from the quantum origin. The two
restrictions are originated from the unitary evolution of the
unconditioned system and the Heisenberg uncertainty prin-
ciple. For the unconditioned system (19), the unitarity places
the following fluctuation-dissipation restriction on the drift
and diffusion matrices A and D [2]:

D —ih(Ax — £7AT) /2 > 0. (20)

For the conditioned state, we have the following fluctuation-
observation relation which preserves the uncertainty relation
(14):

h2
D-T'r— ZECTCET > 0. (21)
Since we assume that the inputs are vacuum states, which are
Gaussian, the covariance for the vacuum noises is %I , Where

1 is the identity. The Heisenberg uncertainty relation for the
noise vector v gives [35]

ihQ2
Cov(v,v) + - >0 (22)
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where

b
Q=0;_ == ) . (23)
)

Here, the covariance of two vectors o; and o, of classical
random variables is defined as

Cov(o1,02) = E (0105) —E(01E (0})  (24)

where [E(-) denotes the classical expectation. In our case, we
assume vacuum inputs which yield Cov(v, v) = %I .

B. TIME VARYING PUMP POWER

In optical cases, the pump power € may fluctuate due to
environmental perturbations or instrumental settings. Here,
we assume that € is described by the following stochastic
process:

de = u(e — c)dt + gdv, 25)

where u < 0 is the drift coefficient, g is the diffusion coef-
ficient, and v, is a classical Wiener process. The constant ¢
characterizes the expected value of the stochastic process and
we denote it as the tendency constant. Thus, the correspond-
ing state-space equations are

de = p(e — c)dt + gdv,
ydt = Cxdt + Mdv. (26)
The correlation matrices are
D.dt = Cov(gdve, gdve)
r’dt = Cov(gdve, Mdv)
Rdt = Cov(Mdv, Mdv). 27

C. DUAL-KF METHOD

In this section, we briefly revisit the dual-KF method from
the Bayes estimation perspective and provide the continuous
dual-KF algorithm. Given (19) and (26), we aim to obtain
estimates of both € and the state x. The task can be achieved
by using the maximum a posteriori (MAP) method, which
aims to maximize the joint conditional density py ¢}, [14],
[26]. The dual-KF method separates the conditional density
into two terms

Px.ely = Px|e,yPely- (28)

The estimate €. is found by maximizing p.|, while the esti-
mate x. is found by maximizing pyje,.y-
The corresponding cost function for the state x is

A2 2
J(x,éc)=/<(y ch) L u ;“) )dt (29)

wherex; = E[x[y}, %, €/~%]is the optimal prediction. Since

the probability density is Gaussian, minimization of the
above cost function regarding x can be reached by using the
Kalman—Bucy filter (18).
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Algorithm 1: (Continuous Dual-KF).

Algorithm 2: (Joint-EKF).

Initialized with:

€c = €, Vc,e =E[(eg — €)(e0 — GC)T]7
xXe = x0, Ve = E[(x0 — xc)(x0 — )" 1.
Update for the state:

K, = (VCCT + FT)/R,

dx. = Ax.dt + K, dw,

e = AV, + VAT + D — KRK! .
Update for the pump power:

de. = pu(e. — c)dt + Kedn,

K. = (Vo .CT + TR,

Lee = WVee + Vet + De — KR!

Similarly, the cost function for the estimation of parameter

€is
_ =y )P  (e—€ )
J(e, x.) = /( R + D. )dt (30)

zdt tdz]

where y~ = E[yly, and e_ are the optimal pre-
dictions. The cost can be minimized using the following
Kalman—Bucy filter:

de. = (e, — c)dt + Kedn
K. = (VoI +TH R

dVe,e
dt

where dn = ydt

= Ve + Veept + De — K.RK! (31)

— Cx.dt is the innovation and

d(Cx) _c¥ ax
de de

is the linearization coefficient which can be calculated using
(18) while the conditioned x. is used to approximate x. At
every time step, the conditioned state x. is updated using the
current estimated parameter €, while the estimated ¢, is also
updated using the current state x.. The Continous Dual-KF
is summarized in Algorithm 1.

C. = - C—x (32)

D. JOINT-EKF METHOD
The joint estimation aims to maximize the following condi-
tional density:

{xc, €c} = argmax py ¢|y. (33)
x,€

To generate the above MAP estimates, we define the follow-
ing new joint state consisting of both x and €:

T
:<q » e—c) . (34)
The state-space representation of the joint state z is
dz = A zdt + B, dv,
vzdt = Cyzdt + M*dv, (35)
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Initialized with:

Zc = 20,

Vo = E[(z0 — ze)(z0 — 20)" 1.
Update for the state:

K. = V.CI +TT)/R%,
dz. = A, chdt + K.dw,

Le = AV, +VAT + R — K.R"K],
where AZ,C = A;|;—, is an approximate of A; given
current estimate of the state z. and A, . = 3A T |r=ze-
where
€—y 0 0
A, = 0 —e—y 0
0 0 %
Vhy 0 hy 0 0 0 0
BZ = 0 ﬁ)/l 0 77,)/2 0 0 O
0 0 0 0 0 0 g
T'yi .
c.=2/-2 (cos O sin6y 0)
T
VT cos b,
VT sin Om
0
2
M, =— 7 0
1 —=Tcosb,
V1 —=Tsin6,,
0

v, = (“) . (36)
Ve

The noise correlation matrices are

B.dv. , N [ F R
Cov(Msz) (Bedv)”  (Medv)" ) = gy )
(37

The generalized system becomes nonlinear and an EKF
can be applied to generate an approximation of the MAP
estimation. We denote this method as the joint-EKF method
and is described in Algorithm 2.

IV. NUMERICAL RESULTS

In this section, we first apply the proposed algorithms to a
special case where parameters are fixed to values that are
close to real experiments. Here, we aim to show the effec-
tiveness of the two methods without comparing their perfor-
mance. Then, we test the performance improvement regard-
ing the measurement efficiency, the tendency constant, and
diffusion coefficient of the classical signal.

5500209



@IEEE Transactions on,
uantumEngineering

Yu et al.: SIMULTANEOUS ESTIMATION OF PARAMETERS AND THE STATE

A. CASE STUDY
In this section, simulation results of both the dual-KF method
and the joint-EKF method are presented. For comparison,
we simulate x. using the dual-KF method, the joint-EKF
method, and the KF method. For the KF method, the Kalman
filter is applied to the system state while no filter is applied
to € and we assume that € = c is a constant. xy represents the
true evolution of the system state. Here, x7 is simulated using
(18) given known € and a complete measurement record of all
three outputs d,,, djp, and d;.. See the Appendix for a detailed
explanation of the simulation of x7.

To quantify the performance improvement, we define the
relative performance improvement (RPI) for € as

B [(ec — er)dt
[(exr —€r)*dt’

The subscript ¢ indicates either the dual-KF method or the
joint-EKF method. The RPI of €, evaluates the percentage
of the MSE reduced by using the two proposed methods
compared with the KF method. We simulate the system for N
times and characterize the RPI using its mean value 7' and
the standard error of the mean (SEM) S which are defined as
follows:

I =1 (38)

1 N
Ie=y > Le
j=1

S > (Ze.j —I1)?
B NN—-1)

The relative improvement for the quantum state 7, =
(Zy4.; I, ) is defined similarly and the corresponding mean
and MSE are calculated in the same way.

The following parameters are selected for the case study:

(39)

) h=1,
2) xo =(00),
3 T =1,
4) Oy = {5 rad,

5) y1 = 0.95 rad/s, y» = 0.05 rad/s,
6) ¢ =0.5, u =—0.01rad/s, g = 0.028.

Note that the escape efficiency y;/y is based on exper-
iments [36]. We use the total decay rate as y = y; + y» =
1 rad/s for simplicity, which determines the scaling of time
evolution. The actual values in the experiments are in order
of 271 x 10 x 10° rads.

Fig. 2 presents time evolution of one trial of the simulation.
Fig. 2(a) gives the time evolution of the estimated €.. The
black line is the true evolution of €. The green line is straight
which means that € is a constant value since there is no filter
applied to € for the KF method. The red and blue lines are
generated by the dual-KF method and the joint-EKF method,
respectively. It can be seen that on average the blue and red
lines are closer to the black line compared with the green
line, especially when there is a large deviation of the real
value of € to the tendency constant c. Fig. 2(b) and (c) give
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FIGURE 2. One estimation trial of (a) ¢, (b) gc, and (c) p. by using the
dual-KF method, the joint-EKF method, and the KF method.

TABLE 1. Mean RPI of the dual-KF Method and the joint-EKF Method.

The Corresponding SEM is At Most 0.92%

dual-KF | joint-EKF
2 (%) 48.6 38.5
7y (%) 51.1 42.9
I, (%) 39.5 349

time evolution of ¢ and p of the dual-KF, the joint-EKF, and
the KF methods, respectively. The red line is generated by
using the dual-KF method and the blue line is generated by
using the joint-EKF method. The KF method (the green line)
does not take any information from measurement to update
€. The RPIs for the dual-KF method are 73.4% (¢.), 79.9%
(g¢), and 75.1% (p.) while the RPIs of the joint-EKF method
are 48.6% (€.), 71.8% (q.), and 69.5% (p.). It is clear that
both the proposed two methods can follow the true evolution
of the system state x better than the KF method.

While the performance improvement of the proposed
methods may not be convincing with only one trial result,
the superiority can be confirmed by Table 1 which gives the
mean RPI of the dual-KF and joint-EKF methods calculated
over N = 1 x 103 trials. The result shows that both the dual-
KF method and the joint-EKF method have a performance
improvement of over 34.9% while the dual-KF method pro-
vides higher RPIs on average. We also consider different
initial states for both the vacuum state and the coherent state
including xp = (0 0), xop = (1.4 0), xo = (0 1.4), and xo =
(1.4 1.4). The RPIs are consistent for the four different initial
states. Thus, we conclude that both the dual-KF method and
the joint-EKF method can provide the better estimates of the
system state and the pump power simultaneously than the KF
method while the dual-KF method is better on average than
the joint-EKF method for given system parameters for the
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FIGURE 3. RPI of (a) ¢, (b) gc, and (c) p. with the measurement
efficiency T increasing from 0 to 1.

proposed case. The superiority of the dual-KF method can be
attributed to the fact that the joint-EKF method is suboptimal
since linearization is used for approximation.

B. PERFORMANCE IMPROVEMENT REGARDING VARYING
PARAMETERS

In this section, we present the mean RPIs regarding the fol-
lowing varying parameters:

1) the measurement efficiency 7',
2) the diffusion coefficient g,
3) the tendency constant c.

The mean RPIs and the corresponding SEMs are calcu-
lated over N = 1 x 103 trials.

In Fig. 3, T varies from O to 1 while the other parameters
are given as in Section IV-A. It can be seen that the mean
RPI of both dual-KF method (red line) and joint-EKF method
(blue line) has a positive relationship with the measurement
efficiency. This is reasonable since a higher measurement
efficiency means more information about the system is used
for the estimation of € and a better estimated € yields better
estimated state vector x.

In Fig. 4, the diffusion coefficient g increases from
0.005 to 0.035 while the other parameters are given as
in Section IV-A. With the increasing g, the mean RPI of
€. increases from around O up to around 48% (dual-KF)
and 38% (joint-EKF) while the mean RPI of g. and p.
increase from around O up to around 51% (dual-KF),
43% (joint-EKF), and 40% (dual-KF), 36% (joint-EKF),
respectively. Thus, we see that the proposed algorithms show
more improvement when the diffusion coefficient is larger.
The reason is that a larger noise ratio results in a larger
deviation of € to its tendency constant ¢ and the superiority
of the proposed methods is clearer. An extreme situation is
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FIGURE 4. RPI of (a) ¢, (b) g, and (c) p. with the diffusion coefficient g
increasing from 0.005 to 0.028.

8
< [
5 I
= °-2%‘,/ —TdualKF

= —T—joint-EKF

0
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 07

S — [
o t
S o2f b
Y / —F—dual-KF
/o —f—joint-EKF

1
L
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

—f—dual-KF
——joint-EKF

L
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

(©)

FIGURE 5. RPI of (a) ¢, (b) g, and (c) p. with the tendency constant ¢
increasing from 0.3 to 0.7.

that the performance of proposed methods is the same with
the KF method when the diffusion coefficient is zero.

In Fig. 5, the tendency constant ¢ increases from 0.3 to
0.7 while g = 0.025 and the other parameters are given as in
Section IV-A. With the increasing of ¢, the mean RPI of €,
increases from 10% to 33% for dual-KF and 6% to 25% for
joint-EKF while the mean RPI of g. and p. increase from
10% to 27% for dual-KF of g., from 6% to 23% for joint-
EKF of ¢, from 4% to 23% for dual-KF of p., from 3%
to 20% for joint-EKF of p,, respectively. The results show
that there is a positivity relationship between the tendency
constant ¢ and the RPI although the increase of RPI is small
compared with the results in Figs. 3 and 4. Thus, we see that
the RPI is more determined by the measurement efficiency
and the diffusion coefficient than the tendency constant.
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V. CONCLUSION

In this article, we considered the state and parameter esti-
mation problem of an OPO system where the pump power
is subject to a stochastic process. We first formulated the
system dynamics in the state-space representation. Then, we
provided analysis on quantum filtering and its classical ana-
log under the assumption that the quantum system is linear
and Gaussian. Details of restrictions on obtaining a clas-
sical analog for the quantum system were provided. Thus,
the simultaneous estimation problem of both the state and
the unknown parameter can be solved by using the dual-KF
method and the joint-EKF method. For the dual-KF, the esti-
mation of the state and the pump power is decoupled and two
Kalman filters run concurrently. For the joint-EKF method,
the state vector is augmented with the unknown pump power.
Therefore, the augmented system is nonlinear and an EKF is
then employed. The simulation results show that both these
methods can achieve good estimation of the system. An av-
erage improvement of 30%—-50% can be reached compared
with Kalman filter method for the studied case. The simula-
tion results also show that the performance of the proposed
algorithms increases with increasing parameters 7', g, and c.
This work can also be extended to the state-parameter esti-
mation of other systems. Moreover, experimental validation
is also worth being implemented to illustrate the estimation
performance.

APPENDIX

A. DYNAMICS OF MEASUREMENT

From (5), the quadratures associated with the output d,, and
the cavity loss g, are given as

oo
—«/I—T\/;(ao—i—ag)
=2Ty1g— T — V1 - Tio

dic = 2v24 — §2
Pie = /2v2p — P2 (40)
where
o Rox o
doy = qudr = /5 (A1 +dA])
noo
diy = pdt = —i\/g (ads —ai})
b i
doy = godt = || 5 (¢hs +di})
noo
dby = pydt = —i\/; <dA2 - dA;)
R
s |D i
dds = Godt = \/; (AO + AO)
R
ddg = podt = —1\E (AO — Ag) (41)
We choose the Homodyne measurement to be
. 2, .
y= J; (Gm €08 6y + Py sinby,) (42)

where 0,, is the measurement phase. Then, we have

2
X [ yz\/i(,/zTqucos O~/ 2T 71 P i O — v/ T—T i COS O
dm = 2 am + am h
7 7 (s o R : —/1 —Tﬁosinem—ﬁcil cos@m—ﬁﬁl sin@m).
=5 (VT (dn ) = VT=T (0 + ) 43)
- ﬁ (ﬁ ( " (a + 5,“‘) - (al +al )) B. CONDITIONED STATE WITH COMPLETE
2 MEASUREMENT
-1=T (do + Clg) The true evolution of the system state x7 is approximated
by the conditioned state x. obtained by using a complete
hoy, JT hoy. ot measurement record and known €. We consider Homodyne
= 2Ty 2 (a +a ) -V ) (al +a ) measurement to all the three outputs d,,, d;, and d.. Thus,
) /Ty1 cos by, Ty sin 6,
C= Wi Jyi(L—=T)cosby, /yi(1 —T)sinby,
V2 cos 0 V2 sinf,
5 VT cos by, VT sin6,, 0 0 J1=Tcos6, +/1—Tsinb,,
M=— 7 V1 —=TcosOy /1 —Tsinby 0 0 —~/T cos 6y, —~/T sin 6y, A7)
0 0 cos . sinb 0 0
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measurement of d,, is

2 . N
Y0, = \/%(COS OmGm ~+ sin 6, pp) . (44)

Measurement of dy, is

. 2 . . R
Yo, = \/; (cos Oy Gup + sinOyppyp) - (45)

Measurement of d;. is

. 2 R A
Yo, = \/; (cos O Gic + sinbyepic) - (46)

The complete measurement is y = (g,,, 9o, 4, )- For sim-
ulation, we let 6,, = 6;;, = 6;.. The corresponding measure-
ment matrices are given in (47) shown at the bottom of the
previous page. Then, the system state can be estimated us-
ing (18) with the coefficient matrix given in (47) while the
innovation is dw = ydt — C(%)dt.
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