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In this work, output-feedback control problems for a class of discrete-time non-affine nonlinear systems
with unknown control directions and input constraints are considered by using reinforcement learning
(RL) method. Two neural networks (NNs) implement the control: 1) a critic NN that estimates a non-
quadratic strategic utility function (SUF) and 2) an action NN that generates optimized control input and
minimizes the SUF. The implicit function theorem is applied to obtain the optimal control law since the
control is appeared in a non-affine form. For the first time, the discrete Nussbaum gain is introduced
to overcome the difficulty that the control directions are unknown and a non-quadratic SUF is used to
deal with the control constraints in the RL-based control. The theoretical derivation of the uniformly
ultimately boundedness of the NN weights and the closed-loop output tracking error is given. And two
numerical examples have been supplied to valid the proposed method.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Adaptive dynamic programming (ADP) is an optimal control
method which is implemented to ensure the closed-loop system
stable and minimize the predefined cost functions ([1,2]). However,
most of ADP algorithms are designed by an off-line iterative pro-
cess which requires the dynamics of nonlinear systems are known
a prior. Since the dynamics of nonlinear systems are rarely ob-
tained, it makes the implementation of these algorithms hard in
the practical control processes. To overcome this drawback, rein-
forcement learning (RL) is adopted to solve optimal control prob-
lems.

Reinforcement learning is an interaction between an actor (or
agent) with its environments. The actor (or agent) improves its ac-
tions or control strategies according to the results in answer to its
actions. In discrete time, a direct RL adaptive controller was pro-
vided to guarantee a requested tracking performance for nonlinear
systems in the present of unknown bounded disturbances ([3]). A
minimal-learning-parameter mechanism was introduced in the RL
controller to cope with the pure feedback discrete-time systems
in [4]. Radac et al. provided a nonlinear state-feedback Q-learning
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controller with a batch fitted Q iteration algorithm and a linear vir-
tual reference feedback tuning technique to solve the model ref-
erence control problem of discrete-time nonlinear systems ([5]).
An extra NN was added as an estimator of the unavailable system
states in RL based output feedback adaptive controllers for affine
nonlinear systems and strict feedback nonlinear systems in [6] and
[7], respectively. Novel critic-based adaptive NN controllers have
been implemented for a class of nonlinear pure-feedback systems,
in which a deterministic learning technique was employed to make
internal states satisfy the partial persistent excitation condition in
a periodic reference orbit tracking problem ([8]). Shih et al. intro-
duced one action NN to obtain the virtual control input and an-
other action NN to provide the actual input into the RL based out-
put feedback controller for the non-strict feedback nonlinear sys-
tems in [9].

In continuous time, Zhu et al. used an integral online RL al-
gorithm to find a suboptimal controller in an output-feedback
form for linear time invariant systems in [10]. A RL algorithm
based on a model-free off-policy learning technique was utilized
to approximate the optimal solution of the output-feedback con-
trol problem of linear systems in [11]. For the nonlinear systems
with constrained-input, the infinite-horizon optimal control prob-
lem was solved by the RL-based adaptive control method pro-
posed by [12]. In this method, an action-critic structure was de-
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veloped, in which the optimal control input and the minimized
cost were approximated by two feed-forward NNs called actor and
critic, respectively. Liu et al. implemented an integral RL based de-
centralized state-feedback controller to a constrained-input system
which has large-scale interconnection subsystems so that the opti-
mal state tracking performance can be accomplished in [13]. For
marine surface vessel systems, by using a policy iteration tech-
nique, RL algorithm was applied in [14] to find the solution of the
optimal control problem when the system dynamic was known
a prior. Most of the works mentioned above were assumed that
the system control direction, i.e. the sign of the control gain, was
known. However, in practical applications, the control gains of sys-
tems may be unknown. This case bought a difficult control prob-
lem that the control operate direction was hardly decided.

In last decades, an increasing number of attention was received
by the system control problem with unknown control directions.
Nussbaum gains were introduced to output feedback adaptive con-
trollers to overcome the drawback that the control direction was
unknown in general nonlinear systems in [15,16] and [17] pro-
vided the adaptive control methods by using back-stepping de-
sign idea to solve control problem of the non-strict-feedback non-
linear systems in the present of unknown backlash-like hystere-
sis nonlinearity and full state constraints, respectively. For strict-
feedback nonlinear systems, Liu et al. investigated a generalized
fuzzy hyperbolic model-based adaptive predefined performance
control method with Nussbaum gains (|18]). Nussbaum gains were
also utilized in state feedback control design in [19] and the effects
of un-modeled dynamics and unknown dead zones were elimi-
nated. However, most of the past literature dealt with the affine
strict or non-strict-feedback systems. The optimal control problems
of non-affine nonlinear systems with unknown control directions
were not considered.

In this paper, an optimal output-feedback control problem of
the discrete-time non-affine nonlinear systems with unknown con-
trol directions and input constraints was considered. An on-line
real-time RL method with Actor-Critic structure and Nussbaum
gains is chosen to implement the control such that the optimal
control problem can be solved using only fewer data measured
along system trajectories. Temporal difference (TD) and value func-
tion approximation (VFA) are the two key machine learning tech-
nologies applied to this structure. VFA implies a strategic utility
function (SUF), can be approximated by a estimator with fewer pa-
rameters, i.e. critic NN. TD error means a prediction error between
the values of predicted SUF and observed SUF in response to an ac-
tion, i.e. the output of the actor NN, applied to the systems. Then,
the optimal control problem can be converted to find the control
law to make the TD error zero.

The main contributions of this paper are as follows.

(1) An optimal control law is developed by using Implicit func-
tion theorem and Bellman'’s principle of optimality since the
non-affine appearance of the control input.

(2) Discrete-time Nussbaum gains are firstly introduced in the
optimal control problem of non-affine nonlinear systems to
cope with the unknown control directions.

(3) A non-quadratic strategic utility function (SUF) is firstly used
to overcome the control constraints in the RL-based output-
feedback control design.

The rest of this paper is organized as follows. Section 2 presents
the problem formulation and preliminaries. An actor-critic struc-
ture is provided in Section 3 to estimate the optimal control law
and the minimized SUF. The uniformly ultimately bounded (UUB)
performance of the tracking error and the NN weights is illustrated
and two numerical examples are presented to show the effective-
ness of the proposed method in Section 4 and 5, respectively. Fi-
nally, the conclusions are drawn in Section 6.

2. Problem Formulation and Preliminaries

Consider the SISO discrete-time system in a non-affine pure-
feedback form as follows:

Ek+1) = fi(5(K). &1 (k). i=1.2.....n—1
En(k+1) = fa(5a(k), u(k), d(k)) (1
y(k) = &1 (k)

where £;(k) = [£ (k). & (k). ... &())]".j = 1,2.....n are the state
variables of the system, n > 1 is the system order, fi( -, - ) and
fal -, -, - ) are the unknown nonlinear functions, u(k) € R
and y(k) € R are the input and output of the system, respectively,
|u(k)| < v, where v is the saturating bound, and d(k) denotes the
external disturbance, which has the unknown constant bound ds,
ie. |d(k)| < ds.

Assumption 1. The system functions fi( -, - ) and fu(-,-,0),i=
1,...,n—11in (1) are continuous with respect to all the arguments
and continuously differentiable with respect to the second argu-
ment.

Assumption 2. There exist constants g > g>0 so
that 0<g < lgi()| <g.i=1,2,...,n, where gi() =
(0£;(&(0). 21 (0)) /01,1 (0). j=1.2....n =1 and  ga() =

(8 fn (5_,1 (k). u(k), d(k)/du(k))) are the system control gains.

Assumption 3. The system functions fi( -, 0) and fu( -, 0, -)
are Lipschitz continuous on €2; and 2, x g4, where Q; e R, i=
1,2,..., n—1, Q; € R" and 24 € R are some known compact sets.

Remark 1. Assumption 1 is a standard assumption in nonlinear
control systems with the non-affine form, which can be found in
lots of existing related works such as [20] and [21]. The system
functions fi( -, -)and fo( -, -, -)in (1) are continuously differ-
entiable with respect to the second argument, which ensures the
existent of gj( - ) and gn( - ) of Assumption 2.

Remark 2. Assumption 2 implies that System (1) has either strictly
positive or negative control gains gi( - ) and gu( - ). However, the
signs of g;( - ) and gn( - ), i.e. the control directions, are unknown.
Noting that the constraints g; and g; are unknown, since they are
used for analysis instead of control design.

In order to simplify the controller design, system (1) is trans-
formed into an input-output form without the future states accord-
ing to the derivative process given in [20].

y(k+n) = ¢ (z(k), u(k)) +de (k) (2)
where z(k) =[y&),....y(k—n+1),u(k—1),...,u(k—n+1)]
@( -, -): R¥™ - Ris an unknown nonlinear function. There exists

a finite constant d such that |d; (k)| < d.

Remark 3. The transformation from System (1) to System (2) is
guaranteed by Assumption 1 and 3. In addition, ¢( -, - ) is also
Lipschitz function, since it is obtained by iterative substitution of
system functions fi( -, -)and fu( -, -, ).

The transformation procedure of a second-order system from
Eq. (1) to Eq. (2) will be given as an example, which can be di-
vided into two steps.

Step 1. a second-order system with Form (1) to the NARMAX
form.

& (k+1) = fi(51(k), & (k)
&(k+1) = fo(& k), u(k), d(k))
yk) =& (k)
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where & (k) = & (k). &(k) = [ (k). & (0]

fi(51(k). &(k)) and ¢ 5(. - -) = fo(-
E1(k+1) = ¢11(5(K))
E(k+1) = 12(5K), uk).d(k))
yk+2)=§(k+2)

In k+2 step, & (k+2) = ¢1.1(h1.1(52(K)). & (k+ 1)). Then, we ob-
tain that

y(k+2)

Let  ¢11(E2(k)) =

-,-). Then, we have

= ¢1(&2(k). uk). d(k)),

where P1(52(k), u(k), d(k)) = 1.1 (p1.1(E2(K)), p12(52(K),
u(k),d(k))). Rewrite the first equation of (1) as

E1k+1) — fi(&1(k). &2(k)) =0

According to Assumption 2, the derivative of the left-hand side
of the above equation with respect to £,(k) is not zero. From Im-
plicit Function Theorem given by [22] there exists an implicit func-
tion p/,(-) such that &,(k) can be seen as a function of & (k+1)
and &1(k) as follows:

& (k) = py(r(k+1), 61 (k)

Substituting &,(k) in y(k+2) with the above equation, the
NARMAX form of System (1) with second-order can be obtained.

yk+2) = g1 (y(k), p2(y(k + 1), y(k)), u(k), d(k))
= ¢s(y(k+ 1), u(k). (k).
where y(k+1) = [y(k+1),y(k)]".
Step 2. The NARMAX system to System (2).
To overcome the difficulty in controlling NARMAX system lies
in the existence of future outputs y(k + 1), which are not available

at the current step, the output prediction approach is considered.
Moving back 1 step of y(k +2), we have

ylk+1) = gs(y(k), u(k — 1), d(k - 1)).
Substituting y(k + 1) in y(k + 2), it follows that

y(k+2) = ¢s(@s(y(k), uk —1),d(k — 1)), uk), d(k))
= ¢p(y(k), uk), utk—1),d(k).dk - 1))
= ¢(z(k), u(k)) +de (k)
where z(k) = [y(k),y(k = 1), u(k — D], P (z(k), u(k)) =

Gp(y(k), u(k), u(k—1),0,0)) and di(k) = ppy(k), uck), ulk —
1),d(k), d(k—1)) — pp(y(k),u(k),u(k —1),0,0)).  Since  ¢p
is obtained by iterative substitution of the system func-
tions f;,i=1,2, which satisfies Lipschitz condition in
Assumption 3. Then, there exists a finite constant L; such that
lde (k)| < Lyld (k)| + Lgld(k—1)| < d.

The general optimal control objective is to obtain the admissi-
ble control u(k) which can guarantee the system stability and min-
imize the non-quadratic SUF defined in [23].By introducing an in-
finite vector Z(k) = [y(k), u(k),y(k+1),u(k+1),...]7, the SUF is

defined as
J@U) = "W (uk +1)) + q(y(k + i)} (3)
i=0

where W (u(k)) = ng'(k)go”(U*‘s)vrds, r is a positive constant,
¢( - ) is a bounded one-to-one function satisfying |¢( - )| < 1
and belonging to L,(€2;). Moreover, ¢( - ) is an odd function and
increases monotonically. The gradient of ¢( - ) is bounded by a
constant M. Such a function is easy to find, and one example

is the hyperbolic tangent function, i.e. ¢(-) =tanh(.). q(y(k)) =

k) —yr(k))z, yr(k) is referred as the desired trajectory which is
a known smooth bounded function over the compact subset of R.
It should be noticed that by the definition above, W(u( - )) is as-
sured to be positive because ¢~1(-) is a monotonic odd function
and r is positive. In addition, the symbol z(k) is only used to anal-
ysis instead of control design.

By rewriting (3) as

JE®) =W k) +q@ k) + Y (Wuk+1) +qyk+i)},

i=1
it can be equivalent to a difference equation given by

JGE(k)) =W (u(k)) +qy(k)) +J(Z(k+1)),](0) = 0.

It means that the value of a current policy u(k) can be obtained
by solve the above difference equation. This equation refers as the
Bellman equation. The Bellman equation is applied to evaluate the
value of a current policy u(k) and is solved online in real-time us-
ing observed data from the system trajectories.

Define a discrete-time Hamiltonian function as

H(z(k)) =W u(k)) +qy k) +J(z(k + 1)) —J(Z(k)),
The Bellman equation requires the Hamiltonian associated with the
specified strategy to be zero.

The optimal value can be written using the Bellman equation
as

J @) = I}}(l? {W(uk) +q@y ) +Jz(k + 1))}

Bellman'’s principle states that “An optimal policy has the prop-
erty that no matter what the previous decisions (i.e. controls) have
been, the remaining decisions must constitute an optimal policy
with regard to the state resulting from those previous decisions”.
For this J*(z(k)), it means that

I @(k)) = r{)(l)n {ay (k) + W (u(k)) +J*(z(k + 1))} (4)

This is known as the Bellman optimality equation, or the discrete-
time Hamilton-Jacobi-Bellman (HJB) equation.

As shown by Implicit Function Theorem, there exists an optimal
policy u*(k) defined as

u*(k) = arg T(Iic')’ {ay(R) + W (u(k)) +J*(z(k+ 1))}. (5)

Assuming that the value function J*( - ) is smooth, the min-
imum of the right-hand side of (4) can exactly be solved by
letting the gradient of q(y(k)) + W (u(k)) +J*(Z(k + 1)) with re-
spect to u(k) equal to zero. From System (2), it follows that y(k +
n),...,y(k+2n—1) depend on u(k) such that

*z(k))  9(q(y(k)) + W (u(k)))
ou(k)y ou(k)

3]*(z(k +1)) By(k +n+i)
Z

dy(k+n—+i) ou(k) =0 6)

Therefore, the corresponding optimal control law u*(k) can be
obtained by solving the above equation, i.e.

s <z<k+1>)) -

u (k)—U(P<_(Ur)_ Zh( )m

where hj(k) = 24¢5D i =0, n—1.
To facilitate the control design, the definition of Nussbaum gain

is first reviewed.

Definition 1 ([20]). Consider a discrete nonlinear function N(x(k))
defined on a sequence x(k) with xs(k) = sup {x(i)}. N(x(k)) is a dis-

crete Nussbaum gain if and only if it satlsﬁes the following two
properties:
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(i) If xs(k) increases without bound, then for any given constant
o

Sn(x(k)) n Snx(k))

xs(k) xs(k)

(ii) If xs < &1, then |Sy(x(k))| < 8, with some positive constants

&1 and &,, where Sy(x(k)) is defined with Ax(k) = x(k+1) —
x(k) as follows:

x5 (k)8 % (k)20

k
Sn(x(k)) = D N(x(D)Ax(D).

i=0
Let {x(k)} be a discrete sequence with
x(0) =0,x(k) > 0,Vk
and
[ax(k)| = |x(k+1) —x(k)| < ¢

where c; is a constant.
In this paper, the discrete Nussbaum gain N(x(k)) proposed in
[24] will be used, which is defined as:

N(x(k)) = xs(k)s(x(k))
where x;(k) =sup{x(o)} and s(x(k)) is defined in the following

o<k
manner:

s(x(0)) = +1.
At k = kq, if s(x(ky)) = +1, then if
ki
Y N@(©@)ax(0) > x5 (ki)
=0
set s(x(k; + 1)) = —1 otherwise set s(x(k; + 1)) = +1.
But if s(x(k1)) = —1 then if
kq
Y Nx(0))ax(0) < —x* (k)
=0
set s(x(k; + 1)) = +1, otherwise set s(x(k; + 1)) = —1.
The next lemma gives a fact of the discrete Nussbaum gain
N(x(k)).

Lemma 1 ([25]). Let V(k) be a positive definite function defined for
Vk, N(x(k)) be a discrete Nussbaum gain, and 9 be a nonzero constant.
If the following inequality holds, for Yk

i=ky

k
Vk) < {Z (p1+ z?N(X(i)))AX(i)j| + p2x(k) + p3

where pq, p, and ps are some constants, ki is a positive integer,
then V(k), x(k) and Z?:k] (p1 + ON(x(i)))Ax(i) + pox(i) + p3 must
be bounded for Vk.

3. Output Feedback Controller Design

In this section, an output feedback controller which has an
actor-critic architecture is developed by using reinforcement learn-
ing methods. The design processes of the critic NN and the action
NN are introduced, respectively.

3.1. Critic NN and weight update law

In this section, a critic NN is used to approximate the SUF J(k).
Since J(k) is unavailable at the kth time instant, the critic NN is
tuned online to ensure its output converges close to J(k).

Define a prediction error of the critic NN, i.e. the TD error, as:

ec(k) = rgf (k) — J(k — 1) + D2 (k) (q(k) + W (k))a(k) (8)

where J(k) = W] (k)¢ (V[ z(k)) represents the output of the critic
NN, z(k) = [g(k),u(k)]T, and 0 < rc < 1 is the temporal differ-
ence coefficient. a(k) and D=2(k) are defined later in Section 3.2.
The critic NN has a two-layer structure, while W, (k) e R**! and
V¢ € R">c indicate its actual weight vector of the output and the
weight matrix of hidden layers, respectively. The term n. denotes
the number of the neurons in the hidden layer and n;, =2n+ 1.
The regression z(k) € R", which is composed of the past value of
the input and output measurements, are chosen as the input of
the critic NN. The activation function vector of the hidden layer
¢c(VIz(k)) € R" can be written as ¢c(z(k)) or short. If there are
enough number of the neurons in the hidden layer, the critic net-
work can approximate the optimal SUF J* with arbitrarily small es-
timation error e.(k) as

T @) = W (VI z(k)) + £c(z(k))
= W pc(z(k)) + ec(z(k)) 9)

where W, denotes the desired weight matrix of the optimal SUF,
ec(z(k)) denotes the bounded error.

The weight estimation error of the critic network NN is defined
as

W, (k) = W.(k) — W, (10)

and the approximation error is described as

Le(k) = W (k) e (k). (11)
Thus, the prediction error can be

ec(k) = rf (k) — J(k — 1) + a(k) (q(k) + W (k))D~2 (k)
= rele(k) + 1" Z(K)) + Se(k — 1) — J* (Z(k — 1))
+ec(k) —ec(k—1)+a(k)(q(k) + W(k))D*2 (k). (12)

Define a quadratic function of the prediction errors as the min-
imization object of the critic NN:

Ec(k) = %ef(k). (13)

The weight update rule for the critic NN is a gradient-based
adaptation which is given by

W, (k) = We.(k — n) + AW, (k) (14)
where

N OE. (k)

We(k) = ot | —— 15
AW, (k) oe[ 3Wc(k)] (15)

where o € R is the adaptation gain. Then, the following Lemma is
given to obtain the specific weight updating law.

Lemma 2 ([7]). Given the matrices A € R™m * ™, X € R" * ™ and vec-
tors b € R" and q € R™, the derivative of the following quadratic term
with respect to the matrix X is given by

d((AXTb + q)T(AXTb + q))
dX

where the matrix A, vectors b and q are independent of the matrix X.

= 2b(AT(AX"b +q))" (16)

Combining (11),(12),(13) with (15), the weight updating law of
the critic NN can be derived as

We(k+n) = We (k) — atcpe(z(k)) - (ref (k) + a(k)D2 (k) (q (k)
+W (k) —f(k—1)). (17)
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Fig. 1. Reference signal and system output.

Tracking errors e(k)

-2.5 ' '

0 500 1000

1500 2000 2500 3000

Number of steps

Fig. 2. Tracking error between reference signal y,(k) and output y(k).
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Fig. 3. Control signal u(k).

3.2. Action NN and weight update law

In this section, an action NN is used to generate the input signal
to approximate the desired control input (5). The desired control
signal can be approximated as

u(k) = v (~5 N 'U®) (18)

where U (k) =Wa(k)S(Vaz(k)) denotes the output of action NN.
W, (k) and V, denote the weighted vector of output layer and the
weighted matrix of hidden layer, respectively. S(z(k)) is shorted for
S(Vaz(k)) which denotes the activation function vector of the hid-
den layer, W, € Rhax1 and V, e Rz n, is the number of the neu-
rons in the hidden layer.

Define an auxiliary variable:

U* (k) = WI'S(z(k)) (19)
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Fig. 6. Reference signal and system output.

where W, denotes the desired weighted vector so that u*(k) =
v(=% (ur) 1 (U* (k) + d*(k))), d*(k) denotes a bounded error.
The tracking error at instant k is defined as
e(k+n)=yk+n)—y-(k+n)
= ¢ (z(k), uk)) — p(z(k), u*(k)) + dy (k)
= P (z(k), U(k)) — P(z(k), U (k)) + 17 (k)
where 7(k) = dg (k) — @(z(k), U* (k) +d*(k)) + P (z(k), U*(k)) and

dg (k) = di (k) — yr(k+n) + ¢ (z(k), u*(k)). From Assumption 3, we
know that ®( -, -)is a Lipschitz function and the boundedness of

(20)

n(k), i.e.|in(k)| < n*, where 7i* is a positive constant. Then, (20) be-
comes

e(k+n) =8k)(UKk) —U*(k)) + 7(k) (21)

where §(z(k),Uc(k)) = % is denoted as §(k) for sim-
plicity, U¢(k) e [min{U*(z(k)), U(k)}, max{U*(z(k)), U(k)}] and § <
18(k)| <8,6 >8> 0.

Thus, the dynamic of closed-loop tracking error is expressed
as

e(k+n) =8(k)q (k) + (k) (22)
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Fig. 9. Discrete Nussbaum gain N(x(k)) and its argument x(k).

where W, (k) = W, (k) — W, and
Za(k) = Wa(k)S(z(k)).

The design principle of the adaption law of the action NN is
to minimize the SUF function and track the desired trajectory. The
prediction error of action NN is defined as

(23)

eq(k) = (N(x(k))a(k)e (k) + a(k)f(k —n))D~" (k) (24)
where

e(k) = % (25)
ax(k) =x(k+1) —x(k) = athGe k) (26)

D(k)

G(k) =1+ |Nx(k))] (27)

D(k) = (1+ IN(x(k)| + [[(k = n)|) (1 + £2(k) + ISk — n)||?)
(28)

1,ifle(k)] > A

29
0, otherwise. (29)

a(k) = {

where x(0) =0 is the initial value of x(k), A is a threshold value
and A > 0.

Remark 4. Noting that x(k) is the discrete sequence, which is the
key factor to obtain an appropriate Nussbaum gain N(x(k)). The
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Fig. 12. Tracking error between reference signal y,(k) and output y(k) of the output feedback NN control system proposed by [20] with g=1.

dynamic of x(k) given by (25)-(29) is different from the existing
works, which is one innovation of this paper.

Tune the weight of the action NN W;(k) to minimize the er-
ror

Eq (k) = %eg(k). (30)

Combining (23),(24) and (30) with Lemma 2, we have
S(k—n)
D(k)
where o, € R* is the adaptation gain of the action NN. So, the

weight updating algorithm for the action NN is obtained as
S(k—n)
D(k)

AW, (k) = — (Nx(k))e (k) +fk - n))ataa (k) (31)

W, (k) =W, (k—n)—

(N(x(K))e (k) +](k—m))eaa(k).  (32)
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Fig. 14. Reference signal and system output of the output feedback NN control system proposed by [20] with g = —1.
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Fig. 15. Tracking error between reference signal y,(k) and output y(k) of the output feedback NN control system proposed by [20] with g=-1.

Remark 5. Consider the MIMO discrete-time system with n sub-
systems X;, j=1,...,n in the non-affine pure-feedback form pro-
posed in [21]. It can be transformed into an input-output model
with the following form:

yitk+ny) =F(y,(k+ny = 1),....y (k+n, = 1), i;(k), d;j(k)),

where njis the order of subsystem X, Xj(k)z[yj(k),yj(k—

D, yjk=—ng+DIT, k) = [ug k), up (k), ..., u; (01T
385;83) = HZL1 8ji; () :=8().8; = lg;i ()] < &;.

)

and

Then, using future output prediction procedure, the input-
output model is further transformed into:

yilk+ny) = j(z; (k). d;(k)) + dj (k)

where zij(k) =[Y1 (k). .... Yz (k). Uy (k—1),...,Us(k— D],
fi=max (n). Vi) =y, (k). Ui(k—1) = [k —1)..... 15 (k-
i+ DN i=12,....1, d}(k) = Fj,nj(lj(k), uj(k), dj(k)) —
Fj,nj(lj(k),ﬁj(k),onj), dj(k) =[Dy(k—1),...,D(k—1),d;(k)]
and D;j(k—1) =[di(k—1),...,di(k—n; + D] |d’(k)| <d; is the
bounded disturbance.
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Fig. 16. Control signal u(k) of the output feedback NN control system proposed by [20] with g=-1.
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Fig. 17. The MSE trend along with the proposed systems with the values of r. and A.

Table 1
The MSE of the proposed systems with different values of r. and A

Te

A 0.76 0.79 0.83 0.87 091 0.95 0.99

0.001 0.03 0.0237  0.0219  0.0215 0.0214 0.0213  0.0213
0.003  0.03 0.0239  0.0223  0.0215 0.0216  0.0216  0.0213
0.005 0.0303 0.0240 0.022 0.022 0.0215 0.0215  0.0215
0.007 0.0306 0.0242 0.0225 0.0216 0.0216  0.022 0.0219
0.009 0.0304 0.0239 0.0226  0.0219 0.0218 0.0217  0.0222
0.011 0.0308  0.0246  0.0234  0.0228  0.0222  0.0225  0.0229
0.013  0.0309 0.0254 0.0231 0.0228  0.0231 0.0235  0.0235

Then, for each input-output model y;(k +n;), we can design RL
based control to obtain u;(k) using the SISO method proposed in
this paper.

4. Theoretic Result

Assumption 4. Let ideal output layer weights W, and W, be
bounded over the compact set €2 by known positive constants Wp,
and Wy, respectively. That is,

Wall < Wam, [Well < Wem.

Theorem 1. Consider the nonlinear discrete-time systems given by
(1). Let the Assumptions 1-4 hold and the disturbance bound with an
unknown constant ds.Let the control input be provided by an output

feedback control law (18) with an action NN and a critic NN. Let the
weights of the action NN and the critic NN tune along with (32) and
(17), respectively. Then the estimated error of NN weight W, (k) is UUB
by positive constants

2
1 D2,
2rn?

De= —
OcM\| 112 — 21y — 211000 — i I3

and the tracking error e(k) and the estimated error of NN weight
W, (k) are UUB provided that the following conditions hold:

(2) 0 < acljpe(k—m)||* < &
(b) g > 0

where a, oq are NN adaptation gains and rq, r, and r3 are posi-
tive constants, which satisfy the following in-equations:

ry — % >0, (33)
— %2
ryr? —2r) = 2rio — zrjgg —13>0, (34)
) )
M—Z—E>O. (35)

where 14 is a positive constant.

Proof. See the Appendix A. O
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5. Numerical examples
5.1. Example 1

In this section, the following second-order nonlinear pure-
feedback plant is considered for simulation studies:

E1k+1) = fi(&1(k). &2(k))

Ea(k+1) = fo(81(k). E2(k), u(k)) +d(k) (36)

where

fE K. 500) = 14—20_ 018300 1058 (0

1(51(K), 52 _‘1+é§12(k) 183 582
&1 (k)

f(E2(k). u(k)) = +gu(k)

14+ &2(k) +E2(k)

where g=41 and the disturbance is d(k) =
0.1cos(0.05k)cos(€1(k)). The control objective is to make
the output y(k) track the desired reference trajectory

yr(k) = (1/2)sin(( /5)kT) + (1/2)cos((7r /10)kT), where T = 0.05,
and guarantee the boundedness of all the closed-loop signals.
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Fig. 21. Output of the critic NN J(k).

The system initial states are & (0) =[0.1,0.1]". The controller is
constructed in the same manner as in Section 3. The tuning rates
of the critic NN and the action NN are oq =5.6 and o =0.01,
respectively. The threshold value and the temporal difference
coefficient and are chosen as A =0.01 and r. = 0.99, respectively.
The saturating bound of u(k) is v = 2.

The system responses are presented in Figs. 1-5 when g=1 is
chosen. Fig. 1 shows the results of reference signal y-(k) and sys-
tem output y(k). Fig. 2 and 3 illustrate the boundedness of the
tracking error e(k) and the control input u(k). Fig. 4 shows the
boundedness of x(k) and N(x(k)). Fig. 5 gives the output of the
critic NN J(k).

Then, let g=-1. Employing the same control law and NN
weights adaption laws, the system responses are shown in Figs. 6—
10.

To illustrate the effectiveness of the proposed control method,
the simulation results of the control method proposed by [20] are
also shown in Figs. 11-16 as a comparison. The proposed method
outperforms that proposed by [20] either the control gain g of sim-
ulation system (36) is assumed positive or negative, respectively.

Remark 6. The choice of the design parameters r. and A affects
the convergence property of the proposed systems. How to tune
them to obtain better performance is a topic worth to be dis-
cussed. Take System (36) with the positive control gain ie. g=1,
for example. Fig. 17 shows the MSE trend along with the proposed
systems with the values of r. and A changing from 0.76 to 0.99
and 0.001 to 0.013 within certain steps. The MSE values are listed
in Table 1, when some values of r. and A chosen in this domain
are applied. It can be seen that the MSE value decrease along the
increase of r. and the decrease of A both from Fig. 17 and Table 1.

5.2. Example 2

In this section, a networked-control based robotic manipula-
tor system is considered. Its dynamic is described by a Lagrangian
equation:

J4(t) + Bq + MgLsin(q(t)) = u(t). (37)

where q and ¢ are the angle and angular velocity of the rigid link,
respectively. J denotes the rotation inertia of the servo motor, B
is the damping coefficient, L is the length from the axis of joint
to the mass center, M is the mass of the link, and g is the grav-
itational acceleration. For this example, ] = 1, MgL = 10 and B = 2
are assumed to be unknown parameters with respect to the con-
troller design. The controller design task is to make the angle g
move back to zero. The output feedback controller proposed in
Section 3 is applied to System (37). The saturating bound of u(k)

is v = 50. The tuning rates of the critic NN and the action NN are
o =4.7 and oy = 0.01. The threshold value and the temporal dif-
ference coefficient are chosen as A =0.001 and r. = 0.9, respec-
tively.

The simulation results are compared with a backstepping based
nonlinear adaptive control (NAC) proposed by [26]. Fig. 18 and
Fig. 19 show the output and input responses of the proposed
method and the method proposed by [26], respectively. From the
figures, it can be seen that the proposed method has faster re-
sponses and smaller amplitude of the control signals than the
NAC method. Fig. 20 shows the boundedness of x(k) and N(x(k)).
Fig. 21 gives the output of the critic NN j(k).

6. Conclusions

In this paper, we develop an output feedback control algorithm
based on RL approaches for a class of non-affine discrete-time non-
linear systems with unknown control directions and control con-
straints. Firstly, Implicit Function Theorem and Bellman’s principle
of optimality are employed to obtain the optimal control law. The
controller is implemented by two NNs which are used as the actor
and the critic to estimate the optimal control and the SUF approx-
imately. In this architecture, the weights of the actor and the critic
are simultaneous updated by Nussbaum gain-based adaption laws.
Moreover, the UUB performance of the NN estimation weights and
systems tracking errors is proved to be guaranteed. Finally, two nu-
merical simulations are provided to demonstrate the effectiveness
of the proposed control schemes.
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Appendix A

Proof of Theorem 1: Define the quadratic functions as

n

Vi (k) = %;WJ(k—nH)Wa(k—nH) (38)

Vy (k) = Z[Z:]:WCT(k—n+t)Wc(k—n+t) (39)

V3(k) =382 (k—n) (40)

V4=r4ZH:Ax(k—n+t) (41)
P

where rq, 15, r3 and r4 are positive constants.
The difference of V; is given as

AV (k) = ;i (W (k)Wa (k) — W, (k — m)Wq(k — n)). (42)
Combining (22),(23), (24) and (32), we have

AVi(k) = ((Wa(k — )+ B Walk) (Wak —n)+ & Wa(k))

1
oTa
= Wy (k= m)Wa(k - n))

T -~
= afl(zwa(k —n) & Wa(k)— a W2(k))

20005 (k — . ~
- ;—10 (—%k)”) (Nx(k)a(kye (k) + ak)fk - n)))Wﬂ (k—n)

S2(k — .
éz(k)")ag (Nx(k)akye (k) + ack)fk —n))*

2r1S(k —n)
D)
25%(k — n)riaq
D2 (k)

252(k — n)ryoegf? (k — n)a? (k)
* D2(k)
2riS(k —n) ~ ~
- W](k — )W, (k —n)a(k)
_ 2naaatGe? ) |27
- D(k) S

N(x(k))a(k)e (k)W (k — n)

(N(x(k))a(k)e (k))?

ria(k)G(k)e? (k)
D(k)

2 r1a(k)G(k)&e2 (k)

~ sk m N —pa

where

+ AV (k) (43)

2 _ ) _ 2
iy = 2Tl DEQ

- %ﬂk — )W, (k —n)a(k)
_28%(k— mriagf? (k — n)a? (k)
- D2 (k)
2r1f(k — n)a(k)
" D(k)S(k—n)
- 2riof(k —n)a (k) 2rif(k — n)a(k)e (k)G (k)
= D(k) - 5k —n)D(k)

(e ()G (k) — 1 (k)

2r1J(k = n)a(k)ij (k)
D(k)8(k —n)
2rioqf(k—n)a2(k)  r1G(k)e2(k)a(k)
= D(k) 52(k —n)D(k)
riG(k)a(k)J? (k — n)
* D(k)

2rj(k - mak)n k)

D(k)S(k —n) (44)
Then, AV;(k) becomes
2ri0qa(k)G(k)e2 (k) 2 ria(k)G(k)e? (k)
il = Dk ~ sk m V)55
2
% a0 ¢* Ek—m) + ek — )’
riaaa® (k)J? (k — n)
D(k)
nak)k-—n)i?  rak) N 21 | ria(k)G (k)2 (k)
8°D(k) D) | 8A D(k)
riceqa? (k)
D(k)
- 2riaqa(k)G(k)e2(k)  |27* | ria(k)G(k)e? (k)
- D(k) S D(k)
2 ria(k)G(k)e2 (k)
~ st —m VO
2
nhbAeioati G(’;;((:))a(k) +2ra(k))? Gk —n)

+ 2riagk (k —n) + 2riaqa® (k)J2 Z(k — n))

J2 @k —n))

—%2
+ 200 (k)2 (k — ) + ryoraa® (k) + %

¥ Zrlagﬁﬁ(k—n)+rla(k) (45)

The difference of V,(k) is shown as:

AV (k) = Vo (k) = Va(k—1) = (:i (W (W, (k)
cj

- Wik = m)W,j(k —n))
Using (11), (12), (14) and (17), it can be following that

NS O% (<2W] (k — myacrede(k — myec(k — )

+a W] (k—n) a We(k—n))

= —2nyrcde(k — myec(k — n) + rpacrzel (k—n) || ¢e(k —m)||*

< (1= acrd || gk —m)|1*)eZ (k —n) — rerzg2 (k—n)
+2 2 (k=n-1)
+2 (1" @k =) ) @k —n — 1))’
+Wz_n)(q(k—n)+W(k—n))

+%(£C(k7n)785(k7n7 1))?

—ry(1 = acr? || pe(k—n)||*)e? (k—n) — rar2¢? (k— n)

,
+22§E2(l<—n—])

IA

+2 (1 @k —m) =)' G(k—n— 1))’
ak —nyre | etk —m)||*
4D2? (k —n)
r; atk—n) [utkem
4 D2(k—n) Jo

@1 (u's)urds
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+%(ac(k7 n) — ec(k—n —1))>
=1y (1 = aer? || pe(k —n)||*)e2 (k= n) — rr2g2 (k= n)
+%§3(k— n—1)

IA

+ 20 @ m) @k -~ 1)))?
atk—nyr, || ek —n)|®
4D2 (k —n)
ryatk—ny oeo(3 @07 Aatml+IWasek-m)I))
4 D2(k—n) Jo

@~ (v's)urds

+%(sc(k— n)—éec(k—n-— 1))2

IN

—ry(1 = acr? || pe(k —n)||*)e? (k= n) — ror2¢? (k — n)
+22(k=n-1)
+2 (" @k =) =) @k —n —1)))?

atk—myry || e(k—m)|>

4D%(k —n)
rp atk—n
o e (N Gatk=m) I+ [ WaS(ae—m) )?
+262,

IA

—r2 (1= aer? | pe(k—m)|1)e2 (k —n) — ror2 g2 (k — n)
+22(k-n-1)

+2 (" @k =) ) @k —n — 1))’
a(k —n)rye?(k —n)G(k —n)

+ 4D(k —n)
ry a(k —n)&2(k —n)G(k — n)
2 Dk—n)d2(k—n-1)

rya(k —n) , I
302 (k| WaS(@te=m)II” + Fecn. (46)

Then, from the definition of Ax, let ¢; = 2rjaq + ‘%\*‘ + 2—12 and
obtain a positive-definite V(k) as
V(k) =Vi(k) + Vo (k) + V3 (k) + V4(k).

The first difference of V(k) is given as
AV (k) = AVy (k) + AV, (k) + AV5 (k) + AV, (k). (47)

Combining (45), (46) and (47), we derive

2

AV = - (kz_ n)N(x(k))”a(k)g((,f))“3 W 4 e ax(i)

- (rzrf —2ria(k) — 2rioea® (k) — 213(1;#77*2)(3 (k—n)

— 1o (1 = | pe(k — m)|P)e2 (k—n) + %;}(k— n-1)

+ %Ax(k —n)+ %Ax(k —n) +r382(k—n) -3¢k (k—n—1)

+ r48x(k) — rqpx(k —n) + D3, (48)
where
D% = 20 @k—n) - Gk —n = 1))’

rya(k —n) 202
m ”Wﬂ” Sm
+ %sfm +2ma)* Gk — 1)) + 2r1aad® (k)2 E(k — 1))

2ria(k)n*?
82

+rioaa? (k) + J*(Z(k —n)) +ria(k)

from the fact that the activation functions are bounded by known

positive values, i.e. ||S(k)|| < o4y and the boundedness of J*(z(k)).
Suppose that the design parameter ry, 15, r3 and r4 satisfy In-

equations (33)-(35). Then, the following condition holds:

Dy

— . (49)
\/rzrg —2r; — 2r10q — 2:‘3;" -3

Gk —m)|| >

Denote N'(x(k)) = ﬁN(x(k))rl and then, noting 1/8 <
1/8(k—n) <1/§ and according to Lemma 1, it can be seen that
N'(x(k)) is also a discrete Nussbaum gain. Deriving the summation
of the right side of (47) and noting 0 < Ax(k) < 1, we have

AV (k) < (¢ +14)0x(k) — 2N (x(k)) Ax (k)

and

k
V(k) < =23 N'(x(K')) ax (k') + c1x(k) + €1 +Ta. (50)
k'=0

Applying Lemma 1 to (50), we have the boundedness of V(k)
and x(k). Noting that the definition of V(k), the boundedness of
[Wa()||. |We(k)| is obtained. Since [N(x(k))| = |supy; {x(K)}].
it can be implied that N(x(k)) and G(k) =1+ |[N(x(k))| are
bounded. In addition, from Ax(k) > 0, we can find x(k) is a non-
decreasing sequence. Thus, we have

Ilgr(l) Ax(k) =0.

Note ||Zc(k) || < oem |We (k) |- Then, by using (49), it can be derived
that

HWC(k) ” >

1 D?,
n*2 ’
OeM\| 112 — 211 — 2r10g — Zg;? -3

where oy > ||¢c(k)|| from the fact that the activation function
for the critic NN is bounded by known positive constants over the
compact set .

Let us define a time interval as Z = {k|a(k) = 1} and suppose
that Z is an infinite set. Then, we have

lim e(k)= lim a(k)e(k)=0

k—0,keZ ( ) k—0,keZ ( ) ( )
which conflicts with a(k) =1,k € Z, because |e(k)] = A, when
a(k) = 1. Therefore, Z is a finite set, and then it follows

klim a(k) =0, Ilim sup{e(k)} <A,
— 00 K— 00

which indicates that N(x(k)) converges to a constant ultimately.
From the definition of &(k), the tracking errors satisfy

. CA
IjLn;osup{Ie(lc)l} =%

where C denotes the limit of G(k).

Then, the conclusion that the tracking error vector e(k), the
weights of estimation error for the action NN W,(k), and the
weights of estimation error for the critic NN W, (k) are all UUB can
be drawn. The proof is completed.
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