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In this paper, optimal tracking control for nonzero-sum games of multi-player continuous-time nonlinear
systems is investigated by using a novel reinforcement learning scheme. Based on the multi-player non-
linear systems and reference signal, we firstly formulate the tracking problem by constructing an aug-
mented multi-player nonlinear systems. The optimal tracking control problem for nonzero-sum games
of original multi-player nonlinear systems is thus transformed into solving the coupled Hamilton-
Jacobi equations of the augmented multi-player nonlinear systems. The novel neural networks (NNs) -
based online reinforcement learning (RL) method can learn the solution to coupled Hamilton-Jacobi
equations in a forward-in-time manner without requiring any value, policy iterations. In order to relax
the dependence of the traditional reinforcement learning method on Persistence of Excitation (PE) con-
ditions, historical data from a period of time has been collected to design NNs tuning laws. The drift
dynamic of the augmented system is not required in our scheme. The Uniformly Ultimately
Boundedness (UUB) of NNs weight errors and closed-loop augmented system states are rigorous proved.

Reinforcement learning

Numerical simulation examples are given to demonstrate the effectiveness of our proposed scheme.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

With the development of artificial intelligence, game theory has
played an important role in many fields, such as economics [1,2],
multi-agent collision avoidance [3], network security [4,5], cyber-
physical security [6-8]. The study of nonzero-sum game theory
can be originally traced back to [9]. Game theory provides an ideal
environment to investigate multi-player optimal decision and con-
trol problems [10-13]. In a multi-player nonzero-sum game, each
player chooses an optimal control input to minimize indepen-
dently its own performance objective, which depends on the
actions of itself and all the other players [14]. The set of the optimal
control inputs corresponds to the Nash equilibrium. The Nash equi-
librium solution for nonlinear systems game can be obtained by
solving coupled Hamilton-Jacobi equations, and they get reduced
to solve coupled algebraic Riccati equations for linear systems
game. However, as we all know, owing to the nonlinear nature
and the coupling of players, it is extremely difficult to solve
coupled Hamilton-Jacobi equations or coupled algebraic Riccati
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equations. Therefore, many approximation-based intelligent
methods are developed to tackle multi-player non-zero-sum games.

Reinforcement learning is a biologically inspired approximate
intelligent method and can handle optimization problems with
model uncertainty or unknown dynamics, adaptive dynamic pro-
gramming [15-19] or approximate dynamic programming (ADP)
[20,21] also belongs to the category of reinforcement learning,
which overcomes the disadvantage of traditional dynamic pro-
gramming, such as the curse of modeling and the curse of dimen-
sionality [22-24].

Reinforcement learning-based multi-player nonzero-sum games
have been of considerable interest to the control system community
during the past few decades. In [25], the near-Nash equilibrium con-
trol strategies are investigated for a class of discrete-time nonlinear
systems subjected to the round-robin protocol. The authors in [26]
develop a novel Q-learning algorithm to solve the problem of
N-player non-zero sum Nash games of unknown continuous-time
linear systems. In [27], the authors present an online policy
iteration-based reinforcement learning algorithm to solve the
continuous-time multi-player nonzero-sum game for nonlinear
and linear systems. Data-driven reinforcement learning methods
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are proposed to solve the discrete-time nonzero-sum games for non-
linear systems [28,29] and continuous-time nonzero-sum games for
nonlinear systems [30,31]. A novel actor-critic-identifier structure
reinforcement learning method is used to approximate N-player
nonzero sum game solutions for uncertain continuous-time nonlin-
ear systems in [32]. A novel policy iteration-based ADP method is
proposed to tackle the cooperative game issue of discrete-time
multi-player systems with control input constraints in [33]. The
authors of [34] present an off-policy integral reinforcement learning
method to solve nonzero sum games for unknown continuous-time
nonlinear systems. In [35,14], optimal control of nonzero-sum game
systems with unknown Dynamics is well tackled via ADP method.
The authors of [36] develop a single-network ADP scheme to solve
the nonzero-sum differential games of continuous-time nonlinear
systems. It is easy to see that all of the above studies are about opti-
mal control of multi-player nonzero-sum games. And the RL meth-
ods in these studies are mostly based on policy iterations or value
iterations. As we all know, policy iterations usually require initial
admissible control, while value iterations generally converge very
slowly. Moreover, the existing reinforcement learning methods
require PE conditions for an initial period of time. These characteris-
tics limit the online practical application of these existing RL meth-
ods. In addition, RL methods have been widely used to tackle the
multi-player nonzero-sum game and optimal tracking control prob-
lem, such as H,, optimal tracking control for linear discrete-time
systems [37], optimal tracking control of nonlinear partially-
unknown systems[38,39], optimal tracking control for nonlinear
discrete-time MIMO systems [40], but few results consider solving
the optimal tracking control for nonzero-sum games of multi-
player systems. However, the optimal tracking control problem
based on multiplayer non-zero-sum game has its theoretical and
application value [2]. In [41], optimal tracking problem based on
multiplayer non-zero-sum games for discrete-time linear systems
is addressed by using a model-free off-policy reinforcement learning
algorithm. Studying the optimal tracking control for nonzero-sum
games of multi-player systems is actually solving the coupled
Hamilton-Jacobi equations. As we all know, it is extremely difficult
or impossible to obtain the analytical solution of the coupled Hamil-
ton-Jacobi equations.

Therefore, this paper develops a new reinforcement learning
method without requiring any value, policy iterations to deal with
the optimal tracking control for non-zero-sum games of multi-
player nonlinear systems. The main innovations of this note are
summarized in the following five aspects.

1) To our best knowledge, optimal tracking control for multi-
player non-zero-sum games for nonlinear systems may be the
first to be studied.

2) A novel NNs-based online reinforcement learning scheme is
proposed to approximately solve the coupled Hamilton-Jacobi
equations of augmented continuous-time multi-player systems.
In our scheme, historical data from a period of time has been
collected to relax the traditional PE condition and the stability
of systems is considered during the learning. A new NNs weight
tuning laws is thus proposed.

3) The optimal solution of coupled Hamilton-Jacobi equations
are learned in a forward-in-time manner instead of traditional
value iterations or policy iterations manners. So our designed
scheme can be thus better applied online.

4) The system drift dynamics is not required in our developed
scheme. That is to say, our proposed scheme allows the multi-
player nonlinear systems to be partially unknown.

5) The UUB of NNs weight errors and closed-loop augmented
system states are rigorous proved. The value functions and
the control inputs for players are also proved to be converged

to approximately optimal value functions and optimal control
inputs with a small bounded error.

The structure of this note is described as follows. In Section 2,
we introduce the problem formulation. In Section 3, a NNs-based
online reinforcement learning scheme is presented to solve the
coupled Hamilton-Jacobi equations of augmented multi-player
systems. In Section 4, the stability and convergence of our scheme
are provided by Lyapunov approach. Simulation studies on linear
systems and nonlinear systems are given to demonstrate the effec-
tiveness of our design scheme in Section 5. Section 6 concludes this
note and gives the direction of future research.

2. Problem formulation

Consider the following N-player continuous-time nonlinear sys-
tems game

X(t) =f(x(t) + >_g;(x(6))u;(t) (1)

j=1

where x(t) € R" is the measurable system states, u;(t) € R™ is each
control input or player, f(x) € R" is the system drift dynamics,
gj(x) € R™™ are the system input dynamics.

Assumption 1. f(x),g;j(x) is locally Lipschitz and f(0)=0.
ILf (%)|| < byllx|l, ||g;(x)|| < bg, where by and bg; are constants.

The desired reference signal is generated by the following con-
tinuous bounded Lipschitz command

P(t) = fa(r(t)) (2)

where r(t) € R" is the reference signal and the reference signal
needs only to be stable in the sense of Lyapunov, not necessarily
asymptotically stable.

The objective of this paper is to find an N-tuple of optimal con-

trol inputs {uj,us,...,uy} withie N={1,2,...,N} so as to make
x(t) follow the reference signal r(t) in an optimal manner which
can minimize a predefined cost function for each player i.
In order to achieve tracking of the reference signal, define the
tracking error as follow
er(t) = x(t) —r(t) 3)
The infinite-horizon predefined cost function associated with
each player i (i € N) are given as follow

Ji(er(0),uy, iz, ..., uy)
‘ N
= [, e (eI(I)Qier(r) + Zu}(t)Rqu(r)> dt (4)
=
= Jo €7 OUi(er(T), tr (T), U2(7), - .., un(T))dT
where Q; = Q] > 0, R; =R} >0, Rj =R}, > 0,7 is discount factor.
According to (3), the tracking error dynamic can be rewritten as

N
&r(t) = fler(t) + () + Y _gj(er(t) + r(e))u(t) — fa(r(t) ()
=1

Then, we can define the augmented state ¢ = [ef r]" € R?",
and the augmented system dynamics comprised of (2) and (5)
can be thus written as

N
E(t) = F(E() + > _Gi(&(t)u(t) (6)
j=1
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fle+1)

where F(¢(t)) = Fa(r)

7fd(r) and Gj(é(t)) — {gj(er + I‘):|

Assumption 2. ||F(¢)|
constants.

< bel|€]l, [|Gj(9)]| < bgj, where by and bg; are

The infinite-horizon predefined cost function corresponding to
(6) associated with each player i (i € N) are defined as follow

jl(é(o)v Uy, U, ... ?uN)
N
= [ein (éT(r)Qié(r) + Zu}(r)R,,»uj(r)> dt (7)
j=1

= [o e 7T OU(E(T),ur (T), Ua(T), ..., un(T))dT

where Q; = {Q" Onen

0. } -+ Ri =Rj; > 0,R; =R, > 0.

Remark 1. Obviously, the cost function (7) is identical to the cost
function (4). Therefore, the optimal tracking control for nonzero-
sum games of (1) can be obtained by solving the optimal control
for nonzero-sum games of (6).

Definition 1. [27] (Admissible control). For i € N, the feedback con-
trol input u; is admissible with respect to (7) on a compact set
Q e RY, if u; is continuous on Q,u;(0) = 0,u; stabilizes (6) on Q,
and (7) is finite Vxq € Q.

Given an admissible feedback control input u; with i € N, the
value functions are defined as

Vi€, ug,up, ... u

= e)Tt< Q§+ZuRuu]>d‘C (8)

= [ e 70U (& ur, Uy, ..., uy)dT

Definition 2. [10] A N-tuple of control inputs {uj,u3, - --

i e N is said to constitute a Nash equilibrium solution for an N-
player game, if the N inequalities in the following are satisfied

,uy } with

=T, uy) <Ji(upus,..ou,. . uy) 9)

Assume that value functions (8) are continuously differentiable,

for i € N. We use Leibniz’s rule to differentiate V; along the aug-
mented system dynamics (6). The infinitesimal version of (8) are
thus obtained as

0 =Uj(¢,uy, U, . .7uN)yViJrVViT(F(é)JrZN:Gj(f)uj) (10)

=1

where V;(0) =0,VV,; = ‘g"* , VVT denotes the transpose of VV;.

Define the Hamiltonian functions as
Hi(év vvhulauZa ooy UN
(1)

According to the stationarity conditions 2% =0 [27], for i € N,

Em

the associated state feedback control inputs can be given by

1

~5Rq 'GH(&VVi,ieN (12)

ui(¢) =

By substituting (12) into (10), the coupled Hamilton-Jacobi
equations of augmented multi-player nonlinear systems (6) can
be thus obtained as

+ Qi — Vi

-1V “Gi(OR;'G (&) VV;

1d Tp b
+ ZZvacj(g)RﬂTRi,-RﬁlG}vv,-, Vi(0) =0 (14)

Now, it is easy to see that optimal tracking control for the
continuous-time multi-player non-zero sum game is transformed
to solve the coupled Hamilton-Jacobi equations of augmented
multi-player nonlinear systems (6). However, due to the nonlin-
ear nature, the coupled Hamilton-Jacobi equations can not gener-
ally be solved directly. In the rest of this note, we will be
committed to solving the coupled Hamilton-Jacobi equations of
augmented multi-player nonlinear systems via reinforcement
learning.

3. NNs-based online reinforcement learning scheme

In this section, we will present a novel NNs-based online rein-
forcement learning scheme to tackle the coupled Hamilton-Jacobi
equations of augmented multi-player nonlinear systems.

In line with the Weierstrass high-order approximation theorem
[42,43], using a single-layer NN, for each i € N, the value function
Vi and VV; can be approximately represented as

Vi(&) = Wi (&) + 6i(¢) (15)

VVi(é) = V(&) Wi + V5;(¢) (16)

where @;(¢) are suitable linearly independent basis function

vector including L items. §;(¢) are the approximate errors.

W;eR™"  are the ideal weight parameter vector.
[ S

V(&) =228, V5i(¢) = 22,

Assumption 3. ¢;(¢), V;(¢),8;(¢) and V;(¢) are bounded such
tha @O < bg,, [V@i(Q)]| < by, 10i(E)]| < by, and
IV6i (&)l < bys;-

By substituting (15) and (16) into (14), and noting (12) and
making some mathematical transformation, approximation-based
coupled Hamilton-Jacobi equations can be obtained as follow

0=2¢"Qie— 1w/ Ve, ZG OR; G (OVIW;
j=1
N -T T (17)
+5Y_WiVo,G(X)R;RiR; G (Vo] W;
j=1
+ WiV QiF(&) — YW 0;() + o, Vi(0) = 0 (18)

where the coupled Hamilton-Jacobi approximation error dy; owing
to the function approximate error is represented as
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N
—1Vo[> GR;'G Vo

j=1

oi = VOIF(¢) — pdi(&)

N
—1VoY "GRGVl W,
j=1

N
~1VQIW,> GR;'G/ Vs (19)
j=1
N
+1) VO GR;'RiR; GV oI W;
j=1
N
+13 VoI GR;TRiR; GV,
j=1

N
ZWTV(ij R;"RiR; G/ V5 (20)

The authors of [43,44] have concluded that the éy; is bounded
on a compact set for fixed L, i.e. ||| < b,

However, the ideal weight parameter vectors W; is unknown,
therefore, (15) and (16) can be approximated as follows

Vi(e) = Wl g8 (21)
YV = V&)W, (22)

where W; is the estimation value of W;.
The control inputs can be thus represented as

(&) = Ry IV (& W, (23)

By substituting (21)-(23) into (11), we can obtain the approxi-
mate Hamiltonian as follow

Hew) = “TQ,c—1W7V<PZG Ry G (V] W,
—~ 24
1 WV GRRE GOV, Y
j=1
I Wpi(&) + WIVQF()

Inspired by [45,46], W; is tuned to minimize ﬁ,(i, W,-) and we
choose the error functions as follow

E= 5ol o, (25)

where oy = If A Hi (é, W,-)dT,AT > 0 is the sampling time.

Remark 2. Choosing ﬁi(i, /V\\/,») as the goal of minimization does

not guarantee the closed-loop stability of the system (6) during the
learning process, so we need additional consider its stability in the
tuning laws [46].

Inspired by [45], in order to minimize the error functions (25)
and guarantee the closed-loop stability of the system (6) simulta-
neously, we introduce the following tuning laws

~

W, = (— {Jo [FQe-7WTo )

+4ZWTV(/7]GR TR,,RFGJ-V(pjTWj dr+A<piW,} (26)
j=1

q“Zv(p] X)GiR;'G/ ¢

where ay; and g;; are constant parameters that need to be designed,
vieN.

The first item of (26) can be obtained by applying gradient des-
cent in (25), and using the chain rule and normalizing [47]. The
second item of (26) is used to guarantee the stability of the
closed-loop system, which is defined as

Ble. i) = {0’ if SO — &t~ AT)'E(t ~ AT) < 0
1, else
where
N
ft[—AT V(&) |F(E) + ZGjﬁj:| dt
=
- ft AT Vq)l )fd‘[
= Jiard(@;(¢)
= @;(&(t )) @;(¢(t—AT))
= Ag;(L(t))

In order to ensure the convergence of W;, inspired by [48,49],
we introduce a concurrent learning technique to modify the tuning
laws (26). The concurrent learning technique needs the stored his-
tory data and current data to tune W; simultaneously. Then, define
the approximate Hamiltonian at the past history time t; using the
current weight'’s estimation W; as Iflf(g’(tk), i;),k=1,...,I. Use the
same derivation as (26), we can obtain the following tuning laws at
the past history time ¢

al,lc

Wi(t) = A [FQE— W (0)

kk‘ K"+1

N
}12 iR TRR; GV T W

dt+Ae;(t)W } (27)

N
—1B((t), 1) g1 YV P;(&)Gi(E(t))R; ' G (£(te))E(te)

j=1
if E(t)e(t) — E(t — AT)TE(t — AT) <0
=41, else
and

k tk
Ki toar V

)+ ZG uj}

t,( AT V(pl(é)gdr
= ftkk_AT d((pz(é))
= @;(&(t)) — @i(E(t — AT))
= Ag;(ti)

Now, the modified weight tuning laws for W; can be given as
follow
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Wi = (—] {far [fQe—7WToy(0)

+4ZWTV</>]GR "RiR; GV I W

d‘c+A(p, }

j=1
N
—3B(E )@Y _VO(OGR;' G ¢
j=1
L/t (w Tam (28)
+Z]<(Kk1,\17k’+ll)2{ ‘AT { Qi - VWT(PI(@
N
+13 WIVe,GR; RS GV ol W, dr—i-Aq),-(tk)W,}
j=1
N
—IB(E(t), ﬂi>q1iZV<pj(tk)Gj(é(tk))R,-;-]G}(é(tk>)é(tk)>
j=1
According to x; and ¥, we have
Ay(&)' W
¢ T N R T (29)
= Ja WIVQI(&) [F(&) = 1D GR;'G V;(&)"W,|dt
j=1
A;(t)W;
T IS 1T (30)
e WIVQ()|F(E) — 1D GR' GV, (&)W, |dr
j=1

Define the estimation error of weight tuning laws W; as

W; = W; — W,, then W = —W Therefore, according to (28), the
weight estimation error dynamics can be represented as

< [ N
Wi(t) = —ay; (Kl‘K’T + Z,q;,q&) Wi(t)
k=1

| G1)
_ ik
i O + g E %5,41;
=

Kk

1
14ckTrck

Kk = mi =l + 1,7 =1k + 1 and

where k; = ﬁ;“ ;
Oni = ft[—AT {QJQ'K - V/WiT(Pi(‘f) + WiTV(PiF(f)

1 d .
- jw;v@zcj(fmﬁlG}(s)wfwf

4ZWTV(/)] ()R, RR;; GT(g)V%TW,}dr

O = Jy- AT|: TQie = yWT (&) + WIVF(©)
- 7WTV(p ZG (OR;'G] (6)VolW;
j=1

ZWTVq)] ()R, RR;; GT(«:)wﬂw}dr

Assumption 4. Assume that oy and J,, are bounded such that

19kl < Doy ||Ope || < bs

H{_‘ max

Remark 3. Let Q; = [k],...,K!] store the past time history data
and rank(Q) = L and note that the number of sampled data in ;
is a fixed value I > L.

Remark 4. Define ©; = i;k] + Y, k¥&!T, if Remark 3 is satisfied,
then @; > 0.

So far, the NNs-based online reinforcement learning algorithm
is given in the following.

Algorithm 1. (NNs-based online reinforcement learning
algorithm)

Step 1: Initializaiton: initial &y, learning factors a;; and ay;,
basis function vector ¢;(¢), sampling time interval AT, NNs

initial weight W,(O), Q;, R;j for Vi,j € N, initial time tg, the
maximum running time of the algorithm tsp.

Step 2: Compute Vi(t — AT), u;(t — AT) and apply them to (6).
Then, update Wi(t) by (28) and compute Vi(t),ﬂj(t)
according to W,»(t).

Step 3: t =t + AT, repeat Step 2 until t >
H Wi(t + AT) —
positive constant.

Step 4: End.

ts[op or

t)H < v, where v is a sufficiently small

Remark 5. In our proposed Algorithm 1, the drift dynamics F(¢) of
systems (6) is not required.

4. The analysis of stability and convergence

In this section, the main results of this paper are summarized as
the following theorem.

Theorem 1. Consider the system dynamics (6) with the coupled
Hamilton-Jacobi Egs. (14), let the control inputs be provided by (23).

Let the tuning laws for W; be given by (28). The Remark 3 is satisfied.
Then, the closed-loop system states ¢ and the NNs errors Wi are UUB

for a sufficiently large L. Moreover, the approximate cost function V;
and control inputs i; are converged to the optimal value, ie.

Vi— V,-H < ov, ||uf — ]| < oy, ov,, oy, are small positive constants.

Proof: Choose the following Lyapunov function

1/ ; 1~
Ll(t)fi/wg 5dr+§;Wi w; (32)

The derivative of L(t) is given by
. t . N __ -
iy() = / fadr+ Y WIW, (33)

Je-At p

When f(¢&, 1) = 0, that is &(£)"E(t) — &(t — AT) E(t — AT) <
have the following relationship

3 (&0 ew) - &t - A e(t - AT))

it a0

= [ (F(é) + ch(g)a]) d1<0
=1

According to (34), where exists a positive constant y for the fol-
lowing relationship satisfied

0, we

t N t
T A\, _ 3
o (F(£)+Zjl cj(ou,)drs AL 35)
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By substituting (31) and (35) into (33), we have

N N
e (F(g) + ZG,»(@)&,-) dt + ZW,.T Wi
j=1

i=1

1
—ayWr (;c,»x,? + fo;ci”> w;

k=1

N

<= JarlEldr + 2

+(111W- —bH, +Cl1,W Z i ka:|

k= i

t N o
_ _X/PM 1€l dz — ;{al,w{@iwf]
N
+

~ K ! Rk
> a Wi T oni + a Wi ; = 6Hf.‘

1
1+---4+1 t
1+t l dt
N /C/FMIIKSH

Mz

+ [WT®W ( +a1;)\/\N/iT®iV\N/i]
i=1
N

+3 (aW! —5H,+a1,W Z—kon} (36)
i-1 k=1

The derivative of Lyapunov function L(t) is negative provided
that

/tt léldt > max[wm‘”‘ H”M (37)
HNH/% Uy, ieN (38)

where /m.x(0;) and /min(©;) represent the maximum eigenvalue
and minimum eigenvalue of ©;, respectively.

When B(&,1;) = 1, we add V;(¢) > 0 to the Lyapunov function
(32) as follows

1 1~ -
Li(t) = jquéré + jZWiTWi +Vi(&) (39)
i=1

where V;(¢) is a local smooth solution of the coupled Hamilton-
Jacobi Eqgs. (14). Then, taking the derivative of (39) and noting (36)

N . o N
Lit)= g™+ Y WIW; - Qe = > ufRyy
i=1 j=1

N

< QubrllE* +
i=1

~min (@) 1€11° = 1 0ribog, Aria 1]
= (qlibF - )~min (61)) Héllz

— — —~ PR -
—a1inT®,'W,' + a“WiT %:(31-’,‘ + a],'WiTZ%’k(SH;;:|
=

— — ~ P S
7a1,~W,.T®,»W,> + a1iWiT%5Hi + a1iWiTZ%5Hk:|
=

N

>

i=1
—31bve, Amin [(Hfﬂz +%)2 = e 7}1] (40)
(o~ (0) e A
~3aubvoAmn (1617 +3)°

+ §1ibvp, Amin

M-

— — ~ o
|:—aliWiT®iWi + ale;r;%ém + ﬂ]iW{ZgaHk}
=

N

<qlibF — Amin (@) + %‘hibw,/\min) &l
=316, Amin (“5“2 + %)2 + §G1ibve, Amin

N
> [—an‘WiTGiWi +ani(l+ 1)bs,, W,-(t)}

i=1

where A =Y GR;'G/ and assume that Amin < |Al| < Amax. The
derivative of Lyapunov function L(t) is negative provided that

b ¢ ‘Amin T3
<17 > max o =0 @
e 4(2)~min <Q1) - quibf + qlibV(p,»Amin>

(I+1)b,

Hk max
‘ > — oy = Unmic N (42)
and Gyibr — 2min (Qi) + 144Dy, Amin < 0. In summary,

1P = max{f]”,f]zl-},‘ Wi|| > max{Uy;,Uy},Vie N. The UUB of
augmented system states and the NNs weight estimation error
V“-VH<HWWW¢- )lI+16:() ) < max { Ui, Ui }

5 (Wi 1901+ 196:1) fmin (R )5, <

1
2 (max {Ulh U21}bV(p, + bvo ) ‘min (R 1>bG,
The proof is thus complete.

are thus proved. ‘

b(pf = O-V,v

o]

=0y,

5. Numerical simulation results

In this section, two simulation examples including linear sys-
tems and nonlinear systems are given to verify the effectiveness
of the proposed scheme.

Example 1. In this example, consider the following linear systems
with two players from [50]

“[o Zaber il

The desired reference signal is generated by the following command

o-°, oo

Let the initial state xo =[1,—1])",ro =[0.5,-0.5]",Q, = diag[1,1],
Q;=1[1,-1;-1,5]. Rj1=Ri2=2,Ryy=Rpp=1,a11 =a12=50,q;; =
¢, = 0.001. AT =0.05,7 =0.5. For Vi=1,2, the NNs activation
functions are selected as

Pi(&(0) =

and the initial NNs weight vectors W; are randomly taken from
interval [-1 1]. Fig. 1 shows the evolution process of critic NNs

weights for first player, and its eventually converge to W= [3.3625,
-0.2917, —3.0856, —1.4389, —1.5522, —1.8288, —1.1222, 0.2882,

0.4685, 0.5138]T. Fig. 2 shows the evolution process of critic NNs

weights for second player, and its eventually converge to W =
[-1.2073,1.5556,4.1568,—-0.7976,2.3899,3.8432,0.7976, -0.3229,
0.1958,-0.5487]". The evolution of tracking errors are shown in
Fig. 3. The evolution of (x — r) between system states and reference
signal are depicted in Fig. 4 and Fig. 5. The actual trajectory and the
reference trajectory are displayed in Fig. 6. The optimal control inputs
are plotted in Fig. 7.

[ez e, e 2 2 21T
1; €162, 11’17911’2762762"1,€2r27T17T1T277’z]

Example 2. In this example, consider the following nonlinear sys-
tems with two players from [27]

X =f(x) +gX)ur +g(X)ua

X2

fx) = | =1x1 — %2 + 1xz(cos(2x) + 2)7° + 1x;(sin(4x?) + 2)2
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Fig. 5. The evolution of (x, — 13).

Fig. 1. The evolution process of critic NNs weights for first player.

—The reference trajectory
= = The actual trajectory
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Fig. 6. The actual trajectory and the reference trajectory.

Fig. 2. The evolution process of critic NNs weights for second player.
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Time (s) Fig. 7. The optimal control inputs.
Fig. 3. The evolution of tracking errors. 0
X) =
&1(X) Los(2x1)+2]
———— (%) = 0
] —heth £ T sin(4x) + 2
\ A
0.5f | The desired reference signal is generated by the following
: command
3 0 1
ot 1 f(t) = r(t
a 0=1", o]
05 I | Let the initial state x, = [0.5,-0.5]", 1o = [0.1,-0.1]", Q, = diag[2,2],
. Q, =diag[1,1]. Ry =Rz =2,Ry1 =Rp =1,a11 = a1 = 20,qy; =

; ; ; ; ; y ; ; G, =0.01. AT =0.05,y =0.5. For Vi=1,2, the NNs activation
0 5 10 15 20 25 30 35 40 45 50 55 60

Time (s)

functions are selected as

T
(E(t)) = [€2,e1ez,e111,e1T2, €3, €11, €2, 12 1112, 13
Fig. 4. The evolution of (x; - ). @;(&(1)) [1, 1€2,€171,€112,€5,82T1, 212,17, 1112, 2}
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and the initial NNs weight vectors W; are randomly taken from
interval [-1 1]. Fig. 8 shows the evolution process of critic NNs

weights for first player, and its eventually converge to W=
[0.1057,0.4586,—0.9353,0.2288,0.7231,-0.4167,0.2924,-0.6151,

—0.7539, -0.5889]". Fig. 9 shows the evolution process of critic NNs

weights for second player, and its eventually converge to W=
[-0.7052,0.0481,-0.9140,0.2701,1.3626,0.6699,0.7884, —0.0018,
0.0715,-0.1096]". The evolution of tracking errors are shown in
Fig. 10. The evolution of (x — r) between system states and reference
signal are depicted in Fig. 11 and Fig. 12. The actual trajectory and
the reference trajectory are depicted in Fig. 13. The optimal control
inputs are plotted in Fig. 14.

0.5F E
l A e —
J [
ok i
|_W1|_W12_W|3*W1A Wls_Wmfwnfwls_wm_wuol
-0.5F b
/—/

10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
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0 5

Fig. 8. The evolution process of critic NNs weights for first player.
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Fig. 9. The evolution process of critic NNs weights for second player.
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Fig. 10. The evolution of tracking errors.

0.4} .
0.2f 1
02f T -
o4t i ]

0.6F ] -
0 1 1 1 1 1 1 1 1 1 1 1 1 !

08 L
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
Time (s)

Fig. 11. The evolution of (x; —ry).
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Fig. 12. The evolution of (x, — 13).
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o 40 50 90
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Fig. 13. The actual trajectory and the reference trajectory.
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Fig. 14. The optimal control inputs.

Through the simulation results of the above two examples, it is
obvious that the systems states can track the desired reference sig-
nal well using our designed scheme. Therefore, the effectiveness of
our proposed scheme is well demonstrated.
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6. Conclusions and future work

This paper proposes a novel NNs-based online reinforcement
learning computational intelligent scheme for optimal tracking
control of continuous-time multi-player non-zero-sum games. N
single-layer NNs are adopted to approximate the value function
for each player. To relax traditional PE conditions, historical data
from a period of time have been collected to design an adaptive
NNs tuning laws. The UUB of NNs weight errors and closed-loop
augmented system states are rigorously proved. The value function
and the control input for each player are also proved to be con-
verged to approximately optimal value function and optimal con-
trol input with a small bounded error. Finally, simulation studies
on linear systems and nonlinear systems verify the effectiveness
of our design scheme. In this paper, the system inputs dynamics
are required, we will investigate the optimal tracking control for
continuous-time multi-player non-zero-sum games with com-
pletely unknown system dynamics in future work.
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